ELSEVIER

Computer Physics Communications 120 (1999) 20-32

Computer Physics
Communications

www.elsevier.nl/locate/ cpc

Tabulated potentials in molecular dynamics simulations
D. Wolffal, W.G. Rudd >?

2 Department of Physics, Oregon Sate University, Corvallis, OR 97331, USA
b Department of Computer Science, Oregon State University, Corvallis, OR 97331, USA

Received 1 March 1999

Abstract

The use of tables to determine inter-particle potentials and forces can speed up determinations of these functions in
classical molecular dynamics ssimulations by as much as a factor of four for typical potential functions. Doing so results in
aloss of accuracy in the resulting trajectories and requires increased use of main memory to store the tables. An analysis of
these factors indicates when it is reasonable to use tables for various forms of the interaction potentials. (© 1999 Elsevier

Science B.V. All rights reserved.

1. Introduction

Molecular dynamics (MD) [1-3] is a proven
means for simulating systems of atoms, molecules,
and other particles. The method involves integrating
the equations of motion derived from inter-particle
potential functions. Statistical averages then yield
mechanical, thermodynamic, and transport properties
of the simulated systems.

In MD, computing the inter-particle potential and
the forcesbetween the particlesisby far the most time-
consuming aspect of themethod for all but the simplest
of potentials. There are informal reports that looking
up potentials and forces in tables stored in memory
can yield significant improvementsin performancein
MD calculations [4], but we know of no published
work that focuses on the idea itself. In this report, we
describe our study of the effects of replacing compu-
tations of the potentials and forces with table lookups

1 E-mail: wolff@physics.orst.edu
2 E-mail: rudd@cs.orst.edu

for these quantities® .

We focus on potentials that include terms that can
be computed to any desired accuracy as part of theini-
tiation before actual simulations begin, with empha-
sison semi-empirical functions of relative positions of
atoms, such as the Lennard-Jones (LJ) potential. The
potentials we consider are thus response surfaces on
which the smulations are based. These can be indexed
by functions of atomic positions. The most common
use of thisin practice has been in tabulating the “Em-
bedded Atom Method” or EAM potential. There are
MD codes in use that use tabulated EAM potentials
exclusively [5,6].

This is by no means the only way in which tables
areused in MD calculations. For example, implemen-
tations of the MD-MC/CEM technique [7,8] use ta-
bles to store pre-computed integrals indexed by local
jellium densities and to hold coefficient matrices used
in numerical differentiations of the potentials. Tabu-

3 Henceforth, we will use “potential” to represent potential energy,
and we will use “atoms’ to represent the atoms, molecules, or
other particles that comprise the systems being simulated.
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lated potentials have also been used to accelerate the
calculation of long range electrostatic forces in the
Ewald sum [9].

Memory cycle times on common workstations are
about 60 ns, which is approximately the time required
for a single double-precision (DP) floating-point cal-
culation. We therefore would expect that looking up
values for potentials would be faster than computing
them for all but the most trivial forms of the potential.

However, this is not always the case. Processors
used in serious MD calculations include internal
pipelined processors for floating-point arithmetic.
Many offer vector processors as well. Both these
processor enhancements require a steady flow of
operands from memory. Efficient caching hardware
and algorithms and optimizing compilers are tuned to
prevent delays due to interruptions in the movement
of data from memory. These techniques work best
when the data access patterns are localized in memory
and occur in a predictable order. On the other hand,
using tabulated potentials is equivalent to performing
random accesses into large arrays, so that accesses
are neither localized nor predictable. We therefore
expect and observe a trade-off between using tables
to save arithmetic calculations and degradation in
raw processor performance. Nevertheless, we expect
to benefit from tabulating potentials for those that
reguire relatively intense arithmetic computation and
relatively little associated logic. This study supports
that expectation.

Even when tabulating potentials offers better per-
formance than computing them, there are till two
other trade-offsto consider in deciding which method
to use. The use of tables guarantees a loss of accu-
racy in computing the potentials. We use DP arith-
metic in MD simulations to eliminate possible inac-
curacies that could cloud the interpretation of results.
It is not clear that we need that level of accuracy in
many simulations. Often we do not know values of
parameters in potential functions with any degree of
certainty; in much of thework in materials scienceand
other application areas we use semi-empirical poten-
tials that involve constants that are known to only one
or two decimal places in accuracy. These values fre-
quently appear in power-law or exponentia terms in
potential functions. Therefore, inaccuracies in deter-
mining values of potentials under these circumstances
are swamped by lack of precision in our knowledge of

the exact potential. Note that this comment does not
apply to numerical techniques used to integrate the
equations of motion; these techniques must be chosen
carefully to ensure that they are sufficiently accurate.
Otherwise, numerica instabilities can arise that lead
to erroneous or divergent solutions.

The third trade-off between using tables and com-
puting potentials and forces is the space-time trade-
off, which is also linked with the accuracy issue. To
make the computations faster, we must use memory
to store tables that would otherwise be available for
other purposes. This factor becomes particularly sig-
nificant when we consider simulating systems with
more than one species of atom. For two body poten-
tials, the number of tables increases with the number
of possible pair interactions,

Ntabm:(g)Jrn, (D

where n is the number of atomic species. When the
calculations are to be done on parallel or distributed
processors, we must keep copies of the tables on each
processor to avoid extra inter-processor communica-
tions. Memory is an important factor in limiting the
sizes of simulation we can do. As main memory sizes
continueto grow, the relative overhead from the tables
becomes smaller. Our results described below indicate
that under normal circumstances the use of memory
for tables is not an important consideration.

In this report, we explore all of these issues. We
begin with a discussion of how one might construct
and access tables efficiently. We then present our re-
sultson the analysis of errorsresulting from the use of
tables and their effects on the results of simulations.
Following a comparison of performance between the
two methods for several different kinds of potentials,
we present our conclusions and recommendations.

2. Implementing tables

Well-designed  molecular  dynamics  codes
[2,5,6,10-12] include single modules that compute
potentials. To change a code to obtain potentials and
forces from tables, we simply replace the code that
computes these values with code that retrieves them
from data structures in which they have been stored
before the simulations are started. In order for thisto
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be worthwhile, an efficient method of indexing the
table must first be found.

2.1. Hash functions

The objective is to determine the contributions to
the force and potential acting on particle i by all the
other particles j. We assume these forces depend
only on separétions r;; between the particles. The
potential /force routines in MD systems usualy in-
clude checks to see if particles j are within a certain
distance from particle i, as for example, when the po-
tential function includes a short-range cutoff. These
comparisons are done using rl?]. to avoid computing
a square root. Therefore, it makes sense to use r,?j as
the measure of the distance used to determine which
elements of the tabulated forces and potentialsto use.

Since pointers and indexes for arrays are integers,
we need to construct mappings between double preci-
sion measures of (squared) distances and pointers or
indexes. We have investigated two kinds of mappings,
casts of scaled values of the distance measure onto in-
tegers, and logical extraction of indexes from the DP
distance measures.

Consider the pseudo-code below for the computa-
tion of the potential and forcein a MD simulation:

for each rZ do
e := computeEnergy (r2)
f := computeForce(r?)
totalE = totalE + e
F=F + f;;ij

Note that thisis for atwo-body potential. For a three-
body potential the loop would be over triplets (7, rZ.
and 6;jx) . The computeEnergy and computeForce rou-
tines in practice are not separate routines, but since
some of the computation is redundant, they are often
just one function or are inlined directly into the loop.

The table version of the above code might look like

the following:

for each rZ do
e := energyTable[ hash(r2) ]
f = forceTable[ hash(r?)]
totalE :=totalE + e
F:=F + fi

Here, hash() is a function which maps pairwise dis-

tances to indexes in the tables. An example is a func-
tion that simply casts DP values to integers:

function hash(doublet)
return (int) ( (t) * 10000 ) )

Thisyieldsthe integer part of the argument after shift-
ing the decimal point four places to the right.

We could simulate a rounding operation with the
following hash function:

function hash(doublet)
return (int) ( (t* 10000) + 0.5)

The above two mappings are smple, but require con-
verting a DP number to an integer, a process that is
not inexpensive.

2.2. Double precision extraction

The other method we consider for determining in-
dexesinto potential arraysisthe extraction of an index
directly from a DP representation of some measure of
distance between atoms. The advantage of this tech-
nique is that it eliminates the arithmetic, logic, and
implicit function calls involved in converting DP val-
ues to integers.

For a given double precision exponent, we can use
the mantissa, truncated at some precision, asan integer
to access the table. The table size must be of size at
least 2V» where N,, is the number of bits taken from
the left-hand side of the mantissa.

However, in most cases we are interested in arange
of numbers which include several different possible
double precision exponents. In this case, we can use
afew of the low order bitsin the exponent as the first
few high order bitsin theinteger index (seeFig. 1). Of
course, care must be taken to make sure that enough
bits are taken from the exponent to ensure that they
are unique for all possible exponents that would be
encountered in a simulation.

We will assume that a double precision number
is 64 bits long. A function for extraction of the IN-
DEX_BITS of Fig. 1 might be the following (the code
is written using C syntax, and line numbers are in-
serted for future reference):

int extract(doublet) {
int *int_p;
int index;
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(1) intp=(int*) &t;

(2) index = ( *int.p & MASK );

(3) index = index >> ( 20 - MANTISSA_BITS );
return( index );

¥

We have shown extract( ) asafunction and, for clarity,
we have written the computations in several steps. In
practice, it should be in-lined within the code in order
to avoid the overhead of the function call.

In the extract() function, MANTISSA_BITS isthe
number of bits of the mantissa which we would like
to use. In other words, we are truncating the number
at aprecision of 2-MANTISSABITS » ox where x is the
value of the exponent. The total length of an index to
the table is INDEX _BITS, which is equal to MAN-
TISSA BITS plus the number of bits taken from the
exponent (EXP_BITS in Fig. 1). The value of IN-
DEX_BITS determines the sizes of the tables, which
should be of length at least 2'NDEX-BITS,

It is important to note that the table size is deter-
mined solely by the length of the integer used to ac-
cessit. However, all of the tablewill not necessarily be
used. The entire table will only be used when given a
set of possible double precision inputs, INDEX_BITS
includes all possible binary strings. Clearly, this de-
pends on a number of factors including whether or
not al possible binary strings are expected in the
EXP_BITS, and whether or not the full range of man-
tissas for a given exponent is expected.

Here are what the numbered steps in extract() do:

(1) We establish a pointer to an object of type int
and set it to point to the DP argument. This al-
lows us to ignore the type rules that ordinarily
would restrict us to using DP operations on the
argument. Since an integer is typicaly 32 hits
and a double is usualy 64, we are restricted to
the leftmost 32 bits of the double. With an expo-
nent of 11 bits, there are 20 bits of the mantissa
to work with. One could use two integer pointers
to point to thefirst and second half of the double
in order to use more bits of the mantissa. How-
ever, this would require some extra instructions
to combine the two.

(2) MASK is used in an and operation (&)
to remove the left-hand bits from
the argument. MASK has the value

2|NDEX_B|TS+207MANT|SSA_B|TS -1

(3) Shift the resulting integer to the right to produce
an index of the required length.

Asan example case, consider indexing atable when
our pairwise distances r% range from 0.5 to 127.9 A.
This would be reasonable for a short range pair po-
tential with a cutoff of about 11.3 A. The exponents
of the floating point representations range from —1 to
6. In bias 127 or bias 1023 notation these exponents
are unique in their three lowest order bits. Not only
are they unique, but for this range of valuesthey com-
plete all possible three hit strings. Hence, if we create
atable using three as the value for EXP_BITS and say
17 for MANTISSA BITS, we can create a table of
size 2% with nearly every entry filled. We would also
be accurate in the value of r,2, to a precision of about
271746 in the worst case.

The key here is to make the mapping function as
easy to compute as possible. While it appears that the
extract() function is more complex than the hash()
function, thefact isthat theinteger cast isan expensive
operation. We have found the hash () function requires
about 5 times as much time as the extract() function.

2.3. Multiple tables

MD codes often deal with more than one species
of atom, making it necessary to use more than one
table. This can be done quite readily for example by
making an array of tables. Thefirst two dimensions of
the array might be indexed by a code for the species
of the atom, and the third dimension would be the
table itself. We would arrange the pointers in the top
two levels of the array so that an interaction between
atomswould access the same tabl e, independent of the
order in which the species are specified. An accessto
the table might be the following:

e = tables[ typel] [type2] [haSh(r[zj) 1;
where typel and type2 refer to the atomic species.

2.4. Interpolation

Finally, one could interpolate between successive
points in the table for more accurate results for the
forces and potentials. A linear interpolation is most
often al that is required, although more complicated
interpolations have been used [13]. The same effect
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Fig. 1. Representation of double precision index extraction. INDEX_BITS are the bits that are actually extracted to index the table.

can often be achieved at little extra cost by increasing
the size of the tables.

2.5. Constructing tables

Construction of thetable is done before the simula-
tion starts. We have found that for realistic problems,
computing the tables takes a negligible amount of time
and so we compute them with each run. It would make
sense to store tables that are expensive to compute on
disk.

Here is sample code to compute a table.

r = Imin
while r < rma do
rsgr:=rx*r

index := hash(rsgr)

energyTable[index] := computeEnergy (rsqr)
forceTable[index] := computeForce(rsgr)
r:=r+Ar

The routine above builds a table for rmin < r < rmax
where rmax iS the cutoff distance for the potential, and
rmin 1S SOMe minimum distance where it is known that
two atoms will never be less than rm, apart. This, of
course, depends on the details of the simulation.

When using the hash functions supplied above,
some of this table would be left unused because the
r? distances that map to the lower indices to the ta-
ble r < rmin Will never be needed. This is also often
(athough not necessarily) the case with the DP ex-
traction routine. Depending on the size of the table
that is needed the wasted space may not be a large
concern. One could modify the hash function so that
no space is wasted, but that would be at the cost of
additional arithmetic when accessing the table.

It is possibleto use hash functionsalong with chain-
ing methods for collision resolution to help to elimi-
nate the wasted space. We experimented with this ap-
proach and determined that the extra coding and com-
putational effort required probably does not justify the
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Fig. 2. The Lennard-Jones table-based potential. The spacing of
the table values is much larger than would normally be used in
practice.

small savings in memory.

3. Errorsand error accumulation

The use of tables without interpolation changes the
potentials and force functions to sequences of step
functions (see Fig. 2). Again, at the cost of some
arithmetic, we can improve the accuracy of tabulated
potentialsviainterpolation. In our codes, we store both
the potential and the force functions so that we need
not differentiate the potential function numerically to
obtain forces.

3.1. Estimation of error in the potential

In order to determine a more quantitative picture of
the errors introduced by the use of a tabulated force
field, we consider ageneral example. Most of the com-
mon potentialsin use today have terms that depend ei-
ther on an inverse power of the distance (1/r”) or ex-
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ponentially on distance (e="). We will consider both
Cases.

First we express the relative error for an inverse
power term in a single table look-up as

=‘¢<r> — ¢
’ b(r)

|3/ =1/
- 1/rp

, (2)

where r is the actual position of the particle and r’ is
thetruncated or rounded value used for atablelookup.

We can access the table by either rounding the value
to the nearest table entry, or by simply truncating
(rounding down). In the case of the rounding method
of accessing the table, because of the increasing, neg-
ative dope of 1/+7, the maximum possible error oc-
curswhen r < and r' — r = Ar/2 where Ar is the
table spacing (see Fig. 3). Hence

I _ A 2[7
cosi- (22|

r

(3)

Since p is positive and ' is always greater than
Ar/2, we can write the upper bound as

P
g¢g1<1%) . (4)

Thisgives an upper bound for theerrorin 1/7” type
potential. The maximum valuethat &4 can take on de-
pends on the smallest possible value for ' for a given
Ar. To determine this we must look to the particular
substance being simulated. The pair distribution func-
tion g(r) for a substance gives us information on the
environment of a given atom. Since most atoms act
like hard spheres for small values of r, the pair distri-
bution function must go to zero at some small value
of r, let us cal it rmin. Hence, we can expect that no
atom will ever be within rpy, of another. This givesus
alower bound on ' in Eq. (4). Hence we can write
the maximum possible error in the potential as

P
gﬁale(l A’) . (5)

2Fmin

For our argon case study, the pair distribution function
goes to zero at about 3.0 A. So for a Ar of 0.001 A
and p = 6, ef™ = 0.001. This is respectable when
compared with the accuracy to which many potential

parameters are known. Also, it should be noted here
that this may aso be on the order of the accuracy
given by theintegration method used. Most integration
methods conserve total energy to within the order of
thetimestep size. And perhaps more importantly, most
table lookups will have substantially smaller error. In
addition, for the rounding method, we can err on either
side of the actual valuefor the potential (Fig. 3). That
is, the tabulated value might be larger or smaller than
the actual value. Hence, we can expect that some of
the overall error will be canceled out by this effect.

A similar analysis can be done for an exponential
potential,

d(r)=¢e", (6)
which yields
es < L2 (7)

3.2. Accumulation of errors

For a pair potential, the total potential energy for a
single timestep is simply a sum of pairwise potential
values,

D= (ry), (8)
i<j

where

rij = |ri — rjl (9)

is the distance between atom i and atom j. For the
case of the exponential potential, the relative particle-
particle error is independent of the pairwise distance.
Eq. (5) givesan expression for the 1/r? potentia that
is also independent of the particle-particle distance.

Now, sincethe maximum relative error of each term
in the sum is independent of the pairwise distance, the
relative error in the sum is the same as the relative
error of each term. Hence, Egs. (5) and (7) aso hold
for the total potential,

Ep = &g . (10)

Next, we consider the total force on a given atom,

Fi=) f(ry)F, (11)

J#Fi
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Fig. 3. Representation of a single table entry. Note that the error is largest when r =+ + Ar for truncation, and when r = ' — Ar/2 for

the rounding method.

where

f(r) =d£¢(r). (12)
r

It can be shown that the relative error in f(r) for the

1/rP potential typeisthe sameasEq. (4) except with

an exponent of p + 1. Similarly, it is easy to show

that the relative error in () for the exponential type

potential is the same as Eq. (7).

Now, the force is a vector quantity, so the summa-
tion is a little different here as opposed to the total
potential energy. However, one can still put an upper
bound on thetotal error by assuming that al of the er-
rors point in the same direction. Again the same argu-
ment applies as above. The relative error in the force
for asingle particle is

Ar \"
8|F,-| S 1—-(11- r B (13)
27 min

for the 1/r7 potential. For the exponential potentia
a similar analysis reveals the same upper bound as
Eq. (7).

3.3. Errorsin measured values

Now that we have an upper bound on the relative
error for the force and potential for a given timestep,
let us consider how those errors propagate into some

1le-03
| N (U]
by —— - Actual error 72
8e-04 “ [ —— Product
[
) [
i
S 6e-04 | [
* [ N
° I \
£ I N S
¥} | \ _ S
£ 4e-04 | b . LT 1,7
> A5 T T
> I .
2 1N
| |
2e-04 | v
)
|
/A
0e+00 - i
|
! L L L 0
2 4 6 8 10
r (Angstroms)

Fig. 4. The scaled, actual error (¢(r) — ¢(r+ Ar))/e and pair
distribution function taken from an MD simulation of LJ liquid
argon, where € is the depth of the potential well. The solid line
is the product of the error and the pair distribution function.

of the quantitiesthat are measured. The pressure, tem-
perature, stress, and total energy all depend on various
summations involving the force, positions, and veloc-
ities of the particles. We have already discovered how
the errorsin individual table lookups propagate to the
total force and potential energy.

The total energy is given by

E:Z(b(r,-j) + %ijvlz

i<j J

(14)
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Fig. 5. Total energy per atom versus time for severa sizes of potentia tables.

We have already put an upper bound on the error in
the first term, it remains to put an upper bound on the
error in the second.

The velocity is obtained from the total acceleration
by integrating over some short timeinterval. Thereare
many methodsof doing this [ 1], but for simplicity and
in order to consider upper bounds, we will consider
just a Taylor expansion of the velocity,

v(t+0t) =v(t) +ota(t) +---. (15)

For a given timestep there is some error in the force
(acceleration) dueto the use of atabulated forcefield.
Thisis equivalent to adding aterm to the acceleration,

v(t+6t) =v(t) + 8t(a(t) + eqa(t)), (16)

where g, istherelative error bound in the acceleration
which is equal to the relative error bound in the force.
Now, thisterm is of order te,a which issimilar order
astheerror in the potential energy term. In the expres-
sion for the total energy, this term is squared, which
makes the error of order 6te,a - v. Regardless, we can
consider the error in the total energy to be proportional
to e4. We use g4 instead of g, because the binomial
is raised to a higher power in g,. In any case, as will
be seen in the next section, we are most interested in
how the error changes with respect to the table size,
and for this purpose, the above argument is sufficient.

3.4. Error with respect to the table size

We expand the binomial in Eq. (4),

2
s s ()7,

< p__ . 17
fo=P5 2 2r ’ (7

where we have dropped the prime on r. Since Ar <
2r for al reasonable* r, we know that

A
0< L «1. (18)
2r

Now, we would like to truncate the seriesto first order,
but we must first convince ourselves that the upper-
bound still holdsin that case. In other words, we must
show

1-(1—x)” <px, (19)

for0 < x <1.Sincep > 1, thisistruefor x =1 and
for x = 0. Consider the first derivative of both sides
with respect to x,

p(l—x)P"t<p. (20)

Since we are only concerned with the range 0 < x <
1 andsince p > 1, thisis clearly true. Having estab-
lished that the slope of the left-hand side is always
smaller or equal to the dope of the right-hand side,
and that the endpoints of our range of interest satisfy
Eqg. (19), we can say that Eqg. (19) holds for al 0 <
x <1l
Truncating Eq. (17) to first order in Ar, we have

Ar k
< Ar Kk 21
S¢=P5 =P 2rN’ (2h)

here Ar = k/N where k = rmax — rmin 1S the range of
values of r in the table, and N is the number of table
entries or the size of the table.

This indicates a linear relationship between the in-
verse table size and the relative error.

4By reasonable r, we mean any vaue of » which will normally
be encountered in a simulation. This is bounded at the low end
by the point at which the pair distribution function g(r) becomes
negligible.
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3.5. Errorsin practice

In practice, the upper-bounds that we have derived
in the previous sections are very high. In fact, the
actual errorsthat areincurred overall will be of amuch
lower magnitude. This is because of several reasons.

First, the error in a table lookup can be on either
side of the actual value. Hence, we can expect some
“washing out” of the errorswhen multiple valuesfrom
the table are summed.

Second, at least for 1/r” potentials, the error is re-
duced for atomsthat are farther apart than rmin. Aswas
stated previoudly, rpin is the minimum distance that
two atoms might approach each other. Thisisindicated
by the point at which the pair distribution function for
the substance being simulated goes to zero.

Fig. 4 shows a graph of the pair distribution func-
tion for liquid argon overlaid with the maximum er-
ror as a function of r. The region of largest error in
the force is where the potential is steepest. Also in-
cluded in the graph is the product of the two func-
tions. The pair distribution function g(r) is propor-
tional to the probability of finding an atom at a dis-
tance r around any given atom. The product of the two
functions shows a maximum at approximately the lo-
cation where the two curves cross, and goes to zero
with g(r). This demonstrates that distances between
neighboring atoms are seldom in the region of largest
error. Finally, for the force, it is very unlikely that all
of the forces on an atom will point in the same direc-
tion. Hence, we should expect the absolute errors to
sum in a “random walk” fashion.

For purposes of analysiswe have made the simplifi-
cation that the potential energy is made up of asingle
term that is always positive. In reality, the potential
energy will be a sum of positive and negative con-
tributions from these terms. In such cases we would
need to be much more careful in using the relative er-
ror since the potential energy and the force may be
zero. Nevertheless, we can till do a similar analysis
on each term of the potential and then combine the
errors after the summation.

0.30

Relative Error

@ I I I
0.000 0.005 0.010 0.015
1/table size

Fig. 6. Relative error in total energy versus inverse table size for
the experiment in Fig. 5.

4. Experiments on sample systems
4.1. Variation of table size

Fig. 5 shows the results of tests in which we var-
ied the sizes of the potential and force tables. Each
curveis a50000-step run for LJliquid argon. The sys-
tems consisted of 10648 atoms. We used Rapaport’s
code [2] and aleapfrog integrator with reduced time
steps of 0.001.

The table sizes are determined by the parameter
INDEX_BITS used in the extract() mapping described
above. We see that results using tables of sizes 128,
256, and 512 elements for each table move toward the
aggregate of results using larger tables, labeled “ Oth-
ers’ in the graph, which are essentially indistinguish-
able. The larger tables contained 2" elements, for n =
10, 12, 14, 16, 18, and 20.

We computed the average energy for the last 25000
timesteps for each table size in Fig. 5. Taking the av-
erage value of the three curves (n = 16, 18, and 20)
which are indistinguishable as the “exact” energy, we
plotted relative error versus 1/N (where N isthetable
size) in Fig. 6. This demonstrates the linear relation-
ship predicted in Eqg. (21). Hence, we can see that
the expression for single particle error contributes in
asimilar way to overall errorsin the energy.

Theseresultsindicate that tables of size 22 or larger
are more than adequate (at least for the total energy);
increasing the table size beyond that has no noticeable
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effect on the results for the total energy. This also
indicates that interpolation may not be necessary.

We obtained similar results in simulations of 216
silicon atoms in the liquid state using a table for the
pair part of the Stillinger—Weber potential [14].

One would expect that so long as the tables are
large enough to provide the same results as computed
potentials, it makes no difference how large the tables
are. However, to do so would be to ignore the cache
effect. In the LJ argon case, for example, we found
that the time per call to the routine that computes all
the forcesin atime step increased by 50% when n was
increased from 14 to 16, which represent table sizes
of 16K and 64K entries, respectively, on an ultrasparc
processor with a 1 Mbyte cache. Storage requirements
for these tableswere 256K and 1M bytes, respectively.
There was no further increase in execution time for
larger tables up to 2%° entries.

4.2. Comparison of output

We now describe our comparisons of the results
from simulationsthat use tabulated potentialsand sim-
ulations in which the potentials and forces are com-
puted with every step. Table 1 shows the resultsfor LJ
liquid argon using the Moldy [ 10] code. We note that,
despitetherelatively short times used for equilibration
and for accumulating averages, the variations within
energy are well within acceptable limits and the stan-
dard deviations in energy and temperature show the
expected behaviors asthe size of the system increases.

Fig. 7 shows the simulation time dependence of
the total energy per particle for LJ liquid argon using
the two methods. The simulation was for 50000 steps
for 10648 atoms using the Rapaport code. While the
fluctuationsin energy between the two simulations are
not synchronized after about 10000 steps, there is no
significant difference between them. Fig. 8 shows that
there is no significant difference in structure between
the results produced by the two methods. The inset
shows a small difference in the heights of the second
peak. This is close to being within the noise of the
function, but could be significant for detailed structural
studies. We conclude that, at least for the equation of
state and structure studies in which general structural
information is needed, there is no important difference
in results between the two methods.

5. Performance

We turn now to an analysis of the relative perfor-
mance of the two methods.

We have focused on three forms for potentials: (1)
polynomialsin 1/r, such asthe LJ potential, (2) “gen-
eralized” potentials, which are combinations of poly-
nomials and exponentials, and (3) three-body poten-
tials, such as the Stillinger-Weber potential for sili-
con. The latter class involves considerable logic and
arithmetic to compute the three-body contribution to
the potential in addition to the polynomials and expo-
nentials in the two-body contribution in the potential.

Table 2 shows the performance results for the LJ
potential. The simulations were on a system of ar-
gon atoms. Kernel times refer to the amount of time
spent in the subroutinethat cal cul atesthe potential and
force. Therelative performanceis reproducible across
codes and machines. We used the Rapaport code and
Moldy [10] on HPR, Sun, and DEC workstations, with
little variation in differences in relative performance.

These results might seem disappointing at first,
since it would seem that the LJ potential would re-
quire a moderate amount of arithmetic. However, a
well-coded LJ calculator requires only three multipli-
cations and a subtraction, if »? is aready available,
and a good compiler can rearrange the loop through
the atoms and manage the cache to make sure that the
pipeline is always full. Furthermore, on modern pro-
cessors floating-point arithmetic is often faster than
the integer arithmetic and random logic our extract()
routine executes. Hence, one would expect to see very
little or no improvement with tabulated potentials for
aLJ potential.

Table 3 shows the results for a generalized poten-
tial with parameters for liquid argon. The generalized
potential has the following form:

. C D E F
¢(r):AeB'+m—F—E—ﬁ. (22)
This experiment was done by inserting a table into
a previously established MD code. The code that we
used was caled “Moldy” [10]. The timings for the
kernel routine show that the table method is about
a factor of four faster (in kernel time) than direct
computation. Our tests on one of the machines on
which these calculations were done, a 170 MHz ul-
trasparc, showed that floating-point multiplications,
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Fig. 7. Tota energy per atom using computed and tabulated potentials and forces for a LJ argon system.

Table 1

Results for table and non-table based runs of liquid argon (density 0.8 g/cm® and initial temperature 120 K) with the Lennard-Jones
potential. Averages are over 45000 timesteps after 5000 timesteps of equilibration with a timestep size of 0.01 ps. No scaling of the

temperature is performed

Number of atoms Energy (kJ/mal) Std. Dev. Temperature (K) Std. Dev. Type
100 —152.64 0.27 140.53 5.53 Computed
100 —152.75 0.28 140.67 5.52 Tabulated
200 —275.85 0.42 150.38 4.06 Computed
200 —275.97 0.41 150.52 4.06 Tabulated
500 —785.90 0.74 140.28 2,57 Computed
500 —785.73 0.72 140.09 248 Tabulated
1000 —1715.21 111 132.87 173 Computed
1000 —1715.05 1.08 132.85 1.78 Tabulated
5000 —8447.27 243 134.13 0.80 Computed
5000 —8448.92 2.55 134.22 0.82 Tabulated
10000 —15930.54 3.38 139.34 054 Computed
10000 —15931.17 3.17 139.33 0.57 Tabulated

Table 2
Kernel time and time per call to the force routine for the LJ liquid
argon experiments

Experiment Time in Time per
Kernd (s) force cal (ms)

Table, 27 elements 877 14.9

Table, 214 elements 946 16.3

Table, 220 elements 1619 29.5

Computed 998 17.3

sguare roots, and transcendental function evaluations
require 0.006, 0.21, and 1.8 us, respectively. The ex-
ponential functions make the difference.

The speedup is considerably less when one consid-
ers total execution time. This is because the compu-
tation of the potential is only one part of the com-
putations that need to be done in a given timestep.
Integration of the force, measurement of different pa-

rameters, movement of atoms between cells, and oc-
casional neighbor list calculation make up the rest of a
single timestep. For example, consider the speedup of
a given timestep when the speedup in the kernel is 4,

t ¢
Speedup — other +1kemel ) (23)
tother + 7 fkernel

If the other calculations in a timestep are equally ex-
pensive as the kernel computations, then we have

Speedupzwzg. (24)

1
Ikernel + 2 Tkernel 5

So, overall we would see a speedup of only 1.6 as
opposed to 4.

Table 4 shows times for simulations of two species
of atoms, which reguires 3 tables. Here we used a
potential of the 6-exp form,
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Timings for table and non-table based runs of liquid argon using a generaized potentia. The kernel refers to the subroutine that calculates
the potential and force for a list of pairwise distances. All times are in seconds

Number of Atoms Time in kernel Total time Time per timestep Type
10000 2969.28 24759.33 4.95 Tabulated
10000 10944.76 33467.90 6.69 Computed
5000 2204.53 17783.34 3.56 Tabulated
5000 7775.09 23188.80 4.64 Computed
1000 370.91 3310.07 0.66 Tabulated
1000 1617.31 4436.66 0.89 Computed
500 203.49 1463.60 0.29 Tabulated
500 689.00 1869.68 0.37 Computed
A _
¢(r)=— 5 +Be . (25) 2 |

which is similar to the generalized potential. When
one compares the timings for this potential to the tim-
ings for the Lennard-Jones potential the significance
of the exponential term with respect to speedup be-
comes clear. We observe that the results at first glance
do not indicate a speedup as large as expected, since
with one or two more multiplications we would have
the generalized potential for which we measured afac-
tor of 4 speedup. This is because there is now more
than one table, and extralogic isincluded in the table
lookup stage to determine which table to use. The rea-
son this is necessary is due to specifics of the Moldy
code. Hence, some optimizations by the compiler for
the innermost loop are not implemented, not to men-
tion the additional instructions needed to execute con-
ditional statements. Nevertheless, the speedup demon-
strates the significant contribution of the exponential.
Table 5 shows the performance of the methods on
silicon, 4096 atoms for 50000 time steps using the Ra-
paport code. In generating the code for the force cal-
culations, we were able to tabulate only the two-body
terms. The three-body terms, as usually written, re-
quirethe calculation of the cosine of the angle between
each triplet of atoms that are within a cutoff distance
of each other. The cosineisadot product between two
of the vectors linking the atoms. There is little point
in constructing tables for these because they would re-
quire a table indexed by ri1», r13, and cos(6). Hence,
the table would have to be three-dimensional which
would increase the storage requirements by about a
power of three. Also, very little arithmetic is saved
since much of the work is in doing the dot product.

15
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Fig. 8. Par-correlation function from computed and tabulated
potentials and forces for a liquid silicon system.

Nakano et a. [15] have derived a means for sepa-
rating the three-body force into sets of two-body in-
teractions. It would be interesting to see the gains that
can be made through using their technique with a tab-
ulated potential.

6. Conclusions

In Table 6 we provide approximate ratios of times
in force calculations for computed and tabulated po-
tentials. One message is clear. One should certainly
use tables for potentials when the potential involves
transcendental function calls and other intensive com-
putationswith relatively little logic. The case for more
complex potentials, such as three-body potentials and
problems that require multipole expansions is till
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Table 4

Timings for table and non-table based runs of a SIO, system with
192 Silicon atoms and 384 Oxygen atoms. We see an improvement
in speed of about a factor of 1.18 in execution time and 1.72 in
kernel time. (Evaluation of the Coulomb interaction was omitted
for the purpose of this study.)

Time in Total Seconds per Type
kernel time timestep

370.80 1529.64 0.77 Tabulated
639.15 1810.45 0.91 Computed
Table 5

Kernel time and time per cal to the force routine for the silicon
experiments

Experiment Milliseconds per
force call per atom

Table, 216 atoms, 5000 steps 0.79

Table, 4096 atoms, 50000 steps 0.75

Computed, 216 atoms, 5000 steps 0.98

Table 6
Approximate ratios for computing potentials versus table lookups
for three classes of potential

Potential Compute/ Table time
L ennard-Jones 1/1

6-exp 7/4

Generdized 4/1

StillingerWeber 5/4

cloudy.

We have shown that the use of tabulated potentials
can be effective in speeding up MD simulations. We
have outlined different tradeoffs that need to be taken
into account before implementing a table into a par-
ticular code. The number of different species to be
simulated, complexity of the potential, and cache size
are al important considerations. We have also inves-
tigated the errors introduced by tabulated potentials.
Surprisingly small tables of a few thousand elements
produce results that are indistinguishable from those
obtained using double precision arithmetic.
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