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Abstract:  The design and analysis of congestion control mechanisms for mod-
ern data networks such asthe Internet is a challenging problem. Mathematical

models at various levels have been intro duced in an e®ort to provide insight
to some aspects of this problem. A model intro duced and studied by Roberts
and Massouli® [13] aims to capture the dynamics of document arrivals and
departures in a network where bandwidth is shared fairly amongst °ows that
correspond to contin uous transfers of individual elastic documents. With gener-
ally distributed interarriv al times and document sizes, except for a few special
cases,it is an open problem to establish stabilit y of this stochastic ow level
model under the nominal condition that the average load on each resource is
lessthan its capacity. As a step towards the study of this model, in a separate
work [8], we intro duced a measure valued processto describe the dynamic evo-
lution of the residual document sizesand proved a °uid limit result: under mild
assumptions, rescaled measure valued processescorresponding to a sequenceof
connection level models (with "xed network structure) are tight, and any weak
limit point of the sequenceis almost surely a solution of a certain °uid model.
The invariant states for the °uid model were also characterized in [8]. In this
paper, we review the structure of the stochastic °ow level model, describe our
°uid model approximation and then give two interesting examples of network
top ologies for which stabilit y of the °uid model can be established under a
nominal condition. The two types of networks are linear networks and tree
networks. The result for tree networks is particularly interesting as there the
distribution of the number of documents processin steady state is expected
to be sensitive to the (non-exp onential) document size distribution [2]. Future
work will be aimed at further analysis of the °uid model and at using it for
studying stabilit y and heavy tratc behavior of the stochastic “ow level model.
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1. Intro duction

The designand analysisof congestioncortrol mecanismsfor modern data networks
such asthe Internet is a challenging problem. Mathematical modelsat various levels
have beenintroduced in an e®ortto provide insight to someaspects of this prob-
lem. Roberts and Massoul [13] have intro duced and studied a “ow level model of
congestioncortrol that represens the randomly varying number of °ows presert in
a data network where bandwidth is sharedfairly between°ows that correspond to
cortinuoustransfersof individual elastic documerts. This model assumes \separa-
tion of time scales"such that the time scaleof the °ow dynamics (i.e., of documert
arrivals and departures) is much longer than the time scale of the padket level
dynamics on which rate control schemessuc as TCP corvergeto equilibrium.

Subsequenhto the work of Roberts and Massoul#, assumingPoissonarrivals and
exponertially distributed documert sizes,de Veciana,Lee and Konstantopoulos[7]
and Bonald and Massoul® [1] studied the stability of the “ow level model operating
under various bandwidth sharing policies. Lyapunov functions constructed in [7]
for weighted max-min fair and proportionally fair policies, and in [1] for weighted
®-fair policies (® 2 (0;1)) [12], imply positive recurrence of the Markov chain
assaiated with the model when the averageload on ead resourceis lessthan its
capacity. Srikant [14] and Lin and Shro®[10] haverecertly givensuzcient conditions
for stability of a Markov model where the assumption of time scale separation is
relaxed.

Here we considerthe model of Roberts and Massoul with generally distributed
documernt sizesand interarrival times. We are interested in the stability and heavy
tratc behavior of this °ow level model operating under a weighted ®-fair bandwidth
sharing policy (® 2 (0;1 )) [12]. (Despite the claim in [1], the proof of suxcient
conditions for stability given there doesnot apply when documert sizesare other
than exponertially distributed. The reasonfor this is that the method of Dai [5]
guoted there implicitly assumegthrough the form of the model equations)that the
servicediscipline is a head-of-the-line discipline and consequetly the method does
not apply in generalto processorsharing typesof disciplines, suc asthe bandwidth
sharing policy consideredhere.)

There are a few results on suzcient conditions for stability of the °ow level
model with generaldocumert size distributions. With Poissonarrivals and docu-
ment sizeshaving a phase-ype distribution, for ® = 1, Lakshmikantha et al. [9]
have established stability of sometwo resourcelinear networks and a 2 £ 2 grid
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Fluid model for bandwidth sharing 3

network when the averageload on eat resourceis lessthan its capacity. For gener-
ally distributed interarrival and documert sizes,Bramson [3] has shovn suzciency
of such a condition for stability under a max-min fair policy (corresponding to
®! 1 ). Under proportional fair sharing, Massoul® [11] has recertly established
stability of a °uid model for the °ow level model with exponertial interarrival and
documernt sizes,and additional routing. From this he infers stability when docu-
ments have phasetype distributions. In contemporaneouswork described in a very
recernt preprint, Chiang, Shah and Tang [4] have deweloped a °uid approximation
for the °ow level model when the arrival rate and capacity are allowed to grow
proportionally but the bandwidth per °ow stays uniformly bounded. Using their
°uid model, they derive someconclusionsconcerningstability for generaldocumert
size distributions when ® 2 (0;1 ) is suzciently small. Howewer, in general,it re-
mains an open question whether, with renewal arrivals and arbitrarily (rather than
exponertially) distributed documert sizes,the °ow level model is stable under an
®-fair bandwidth sharing policy when the nominal load placed on ead resourceis
lessthan its capacity.

This paper reports on some rst stepsin our study of the “ow level model op-
erating under a weighted ®-fair bandwidth sharing policy with generalinterarrival
and documert sizedistributions. Here we review the de nition of a measurevalued
processthat keepstrack of the residual sizesof all documerts in the systemat any
given time. We describe a °uid model (or formal functional law of large humbers
approximation) for the °ow level model. In a separatework [8], we shawved that un-
der mild conditions, appropriately rescaledmeasurevalued processegorresponding
to a sequenceof °ow level models (with “xed network structure) are tight, and any
weak limit point of the sequenceas almost surely a °uid model solution. The invari-
ant statesfor the °uid model were also characterizedin [8]. Here, as an illustration
of suxcient conditions for stability of the °uid model, we establish stability of °uid
model solutions with "nite initial workload for linear networks and tree networks,
under the nominal condition that the averageload placed on ead resourceis less
than its capacity. The result for tree networks is particularly interesting as there
the distribution of the number of documerts processin steady state is expected to
be sensitive to the (non-exponertial) documert size distribution [2]. Future work
will be aimed at further analysis of the °uid model and at using it for studying
stability and heavy tratc behavior of the °ow level model.

The paper is organizedasfollows. In Section 2, we de ne the network structure,
the weighted ®-fair bandwidth sharing policy, the stochastic model, and we intro-
duce the measurevalued processesused to describe the ewlution of the system.
The notion of a °uid model solution is de ned in Section 3. In Section 4 we give
suzxcient conditions for stability of °uid model solutions with “nite initial workload
for linear networks and tree networks.

1.1. Notation

spacefor any d , 1. For x;y 2 R, x * y is the minimum of x and y, and x* is
the positive part of x. For x;y 2 RY, let kxk = max®.; jxij, and interpret vector
inequalities componertwise: x - y meansx; - Yy; for all i = 1;:::;d. The posi-
tive d-dimensional orthant is denoted R¢ = fx 2 RY : x , 0g. To easenotation
throughout the paper, de ne c=0 to be zero for By real constart c, and de ne a

sum over an empty set of indices or of the form sz with j > | to be zero.
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4 H.C. Gromoll and R.J. Wil liams

For two functions f and g with the samedomain,f =~ g meansf (x) = g(x) for all
X in the domain. For a bounded function f : R+ ! R, let kf k; = sup,,g, jf (X)j.
Let Cp(R+) bethe setof boundedcortinuousfunctionsf : R, ! R, let C}(R;) be
the set of once cortinuously di®erertiable functions f : R, ! R, and let C(R.)
be the set of functions f in C1(R.) that together with the “rst derivative f © are
boundedonR; . If w 2 C(R.) is consideredasa function of time, its rst derivative
will be denotedby w. For a Polish space(i.e., a completeseparablemetrizable space)
S, let D([0;1 ); S) denote the spaceof right corntinuous functions from [0;1 ) into
S that have left limits in S on (0;1 ). We endow this spacewith the Skorohod
Ji-topology. For a "nite non-negative Borel measure» on R, and a »-integrable

function f : R, ! R, dene 7
H»i = f d:
R+
If » = (»;:::;») is a vector of such measures,then we use if ;» to denote the
vector (hf;»i;: 1 ;»gi). All functionsf : Ry ! R areextendedto beidentically

zeroon (j1 ;0)sothat f (¢ x) iswellde nedonR, forallx > 0.LetA:R, ! R,
denote the identit y function A(x) = x.

Let M bethe setof nite non-negative Borel measureson R, , endaved with the
weak topology: » i¥ »in M if and only if b ;»%i | H;»i for all f 2 C,(R,) as
k! 1.Forl 2N, let

M'=f(»;:ii;m) i 2M foralli - Ig

The spacesM and M ' are Polish spaces Convergencein M ' is alsodenoted »*
». The zeromeasurein M is denoted 0.

2. Flow level model
2.1. Network structur e

Consider a network with “nitely many resources labelled by j = 1;:::;J, and a
Tnite set of routes labelled by i = 1;:::;1. A route i is a non-empty subset of

identically zero.

A °ow onroute i is the continuoustransfer of a documert through the resources
usedby the route. Assumethat, while being transferred, a °ow takes simultaneous
possessiorof all resourceson its route. The processingrate allocated to a °ow is
the rate at which the documert assaiated with the °ow is being transferred. There
may be multiple °ows on a route, and the bandwidth =; allocated to route i is the
sum of the processingrates allocated to °ows on route i. The bandwidth allocated
throughresource j is the sum of the bandwidths allocated to routes using resource
j . Assumethat ead resourcej - J has nite capacity C; > 0, interpreted as the

the vector of capacitiesin R} . Then any vector & = (ay;:::;a;) of bandwidth
allocations must satisfy
Am . C:

We further assumethat A hasrank J, sothat it hasfull row rank.
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Fluid model for bandwidth sharing 5

2.2. Bandwidth sharing policy

We consider the network operating under a bandwidth sharing policy “rst intro-
duced by Mo and Walrand [12]. Bandwidth is dynamically allocated to routes asa
function of the number of °ows on all routes, and the resulting allocation is shared
equally among individual °ows on ead route.

Let Z;(t) denote the number of °ows on route i - | at time t, and let Z(t) =

route i at time t is a function of the vector Z(t) and is denoted &;(Z(t)). The
Icorrespr)nding vector of bandwidth allocations at time t is given by a(Z(t)) =
ay(Z(t));::;e(Z(t)) : Although the coordinates of Z(9 are non-negative and
integer valued, the function o is de ned on the ertire orthant R!, to accommalate
°uid analoguesof Z (9 later.

Fix a parameter ® 2 (0;1 ) and a vector of strictly positive weights - =
cq;iie1). Forz2 R ,letlo(z)=fi- | :z=0gandl.(z)=fi- |:z > 0g.
Let O(z) = f, 2 R, :,; = Oforalli 2 1¢(z)g. De'ne a function G, : R} !

Y

il ;1) by
8
P 1 ®
Eizl (Z)-izi@"’l‘i—@; ®2 (0;1) nflg;
2.1 G,(,) = p
@) ) 2 izilog,i;  ®=1
i2l . (2)

where the value of G,(,) istakento bejl1 if ®2 [1;1) and ,; = 0 for some
i 2 1.(2). For eah z 2 R, , dene ©(z) asthe unique vector , 2 R, that solves
the optimization problem:

(2.2) maximize  G.(,);
(2.3) subjectto A, - C;
(2.4) over 0O(2):

The resulting allocation is called a weightal ®-fair allocation, and the function
o : R, | R, is called a weightel ®fair bandwidth sharing policy. Note that by
(2.3),

(2.5) sup ka(z)k - kCk:
z2R!

Note also that for any z 2 R!., &;(z) = 0 for all i 2 1¢(z). This implies that no
bandwidth is allocated to routes with no °ows. The bandwidth @;(Z(t)) allocated
to route i at time t is shared equally by all “ows on the route. That is, if there
are Zj(t) > 0 °ows on route i at time t, then ead °ow on route i is allocated a
processingrate of &;(Z(t))=Z;(t) at time t.

When - = 1foralli - I, the cases®! 0,®! 1,and®! 1 correspnd
respectively to a bandwidth allocation which achieves maximum throughput, is
proportional ly fair or is max-min fair [1, 12]. Weighted ®-fair allocations provide
a tractable theoretical abstraction of decerralized padet-basedcongestioncortrol
algorithms such as TCP, the transmission control protocol of the Internet, partic-
ularly when®= 2 and -; is the reciprocal of the square of the round trip time on
route i.
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6 H.C. Gromoll and R.J. Wil liams

2.3. Stochastic model

Fix a network structure (A;C) and a weighted ®-fair bandwidth sharing policy
a with parameters(®;-). Our stochastic model of documert °ows consistsof the

describing the arrivals of documert °ows (including their sizes)to the network, a
random initial condition Z(0) 2 M' specifying the state of the system at time
zero, and a collection of performance processesdescribing the time ewlution of
the systemstate. The performanceprocessesre de ned in terms of the primitiv es
and initial condition through a set of descriptive equations. The random objects
involved are de ned on a common probability space(- ;F ;P), with expectation
operator E.

The stochastic primitiv es consist of an exayenousarrival processE; and a se-
quenceof document sizesf vig gﬁzl for eath route i - 1. The arrival processE; is
a rate °; > 0 delayed renewal processwith kth jump time Uy . Fort , O, E;i(t)
represerts the number of °ows that have arrived to route i during the time interval
(O; t]. The kth such arrival is called °ow k on route i and arrivesat time Uy ; °ows
already on route i at time zero are called initial °ows.

Foreadhi - | and k , 1, the random variable vy, represerts the initial size of
the documert assaiated with °ow k on route i. This is the cumulative amount of
processingthat must be allocated to the °ow to completeits transfer throught the
network. Assumethat the random variablesf vy gi_, are strictly positive and form
an independert and identically distributed sequencewith common distribution #;
on R, . Assumethat the meanhA;#;i 2 (0;1 ) and let *; = hA;#ii 1. De ne the
tratc intensity onroute i by % = °;=1;.

°ows on ead route at time zero, as well as the initial sizesof the documerts on
these °ows at time zero. Assume that the componerts of Z(0) are nonnegative,
integer valued random variables. The initial documert sizesof the initial °ows on
route i - | are the rst Z;(0) elemens of a sequencefw gL, of strictly positive
random variables.

The performance processesconsist of a measurevalued processZ , taking values
in D([0;1 );M"), and a collection of auxiliary processegZ;T;U;W). The process
Z = (Z1;:::;Z)) takesvaluesin D([0;1 );R}). Fori - |l andt , 0, Z;(t) is the
number of °ows on route i at time t. Recall that at time t, the bandwidth allocated
to route i is 2i(Z(t)), and this bandwidth is shared equally by all Z;(t) “ows on
route i; ead such °ow receives a processingrate of a;(Z(t))=Z;(t), which equals
zero by corvention if Z;(t) = 0. Thus, a °ow that is active on route i during a time
interval [s;t] %2[0; 1 ) receivescumulative service during [s;t] equal to

Z[
8, (Z(W) |
Lz M

Consider the kth °ow on route i. This °ow arrives at time Uy and has initial
documernt sizevjc . At time t | Uy, the cumulativ e service received by this ow
during [Ui ; t] equalsS; (Ui ;t) * vik . The amount of servicestill required therefore
equals(vik i Si(Uk;t))*.Fort, 0,k- Ei(t), and! - Z;(0), de ne the residual
document size at time t of the kth °ow on route i, and the Ith initial °ow on route
i, by

(2.6) Si(s;t) =

i ¢,
ik = Vic i Si(Ui:t)

(2.7) , ¢,
vi ()= w i Si0;t)
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Fluid model for bandwidth sharing 7

the residual documert sizesof °ows on all routes at any given time. Let £f 2 M
denote the Dirac measureat x if x 2 (0;1 ), with ; = 0. Fort, Oandi - I,

(0) B((1)
— + + .
(2.8) Zi(t) = +_\fi| (t) * i-Vik (t)y:
1=1 k=1
We canrecover Z from Z by
(2.9) Zi(t) = h;Zi(t)i; forallt, O;i2l:

The processT takesvaluesin D ([0;1 );R. ) and tracks the cumulative bandwidth
allocated to eath route. Fort, Oandi - |,

Z t
(2.10) Ti(t)=  ©(Z(s))ds:
0

The processU takes valuesin D([0;1 );R}) and tracks the cumulative unused
bandwidth capacity of ead resource.Fort ., 0,

(2.11) U(t) = Ctj AT(1):

The processW takesvaluesin D ([0;1 ); R} ) and tracks the immediate amourt of
work still to be transferred on ead route. For t , 0,

(2.12) W(t) = PA; Z (t)i:

Recall that A(x) = x and that integration against the vector of measuresZ (t) is
interpreted componertwise.

3. Fluid model

Fix a network structure (A; C) and a weighted ®-fair bandwidth sharing policy @
with parameters(®; - ). This sectionde nesa °uid analogueof the stochastic model
introduced in Section 2.3. In [8], under mild assumptions,it was shown that this
°uid model is a rst order approximation (under functional law of large numbers
scaling) to the stochastic model. As in the stochastic model, 'x a vector of positive

in M', satisfying the assumptions of Section 2. Recall that *; = PA;#;ii 1 and
% = %=1 for eah i - |. The °uid model consists of a deterministic measure
valued function of time, called the °uid model solution, and a collection of auxiliary
functions of time de ned below.

Denition 3.1 Given a continuous function 3 : [0;1 )! M', de ne the auxiliary
functions (z; ¢; u; w) of 3, with respect to the data (A; C;®; -; °;#), by

z(t) = ;3 (0)i;
z

t3

a(t) = . i (2(s)10;1 )(Zi () + Yelrog(zi(s)) ds; i- I

u(t) = Ctj Ag(t);
w(t) = PA;3 (1)i;

forallt, O.

imsart-lnms  ver. 2006/09/07 file: bwsnK.tex date: October 11, 2006



8 H.C. Gromoll and R.J. Wil liams

Note that z(t) and ¢(t) take valuesin R, and u(t) takesvaluesin R} . On the other
hand, w(t) takesvaluesin [0;1 ]', asthe °uid model solution neednot have nite
“rst momerts. The function 3 is the °uid analogueof the measurevalued process
Z . The functions z; ¢, u; and w, are °uid analoguesof the processeZ;T; U, and W,
which keeptrack of queuelength, cumulativ e bandwidth allocation, unusedcapacity
and workload, respectively. The equation satis ed by ¢; may seemcounterintuitiv e
at rst. However, the presenceof the term involving ¥ is accourted for by the fact
that in passingto a °uid limit of the stochastic model, bandwidth allocations made
when a queuelength is near zeroin the stochastic model are averagedwith the zero
bandwidth allocations made when a queue length is zero. The fact that % is the
correct form hereis related to the fact that when the °uid workload function w is
real-valued, at a positive time where it is di®ereriable (which occurs a.e.) and at
which the value of w is zero, the derivative of the workload function must be zero
(cf. (3.2) below).

The notion of a °uid model solution is de ned via projections against test func-
tions in the class

C=ff 2 C{(R+) : f(0) = f%0) = Og:

De nition 3.2 A °uid model solution for the data (A; C; ®; -; °;#) is a continuous
function 3 : [0;1) ! M!' that, together with its rst three auxiliary functions
(z; ¢, u), satis'es

(i) Khiog;3(t)ik = Ofor allt, O,

(i) u; is non-decreasing for all j - J,

(i) foreachf 2 Ci- I,andt, O,

Z
G1) Hin®i= M5O 1o D g
0

zi(s) .
t

+ O K #ii 10:1)(zi(s)) ds:
0

Recallthat in (3.1), the integrandin the rst integral term is de ned to be zerowhen
its denominator is zero. The rst integral term in (3.1) relatesto the movemert to
the left of the random measure3; at the processingrate of ©;(z(s))=z(s), and the
secondintegral term correspondsto new infusion of massdue to newarrivals coming
at a rate of °; with a distribution of #; for route i. The appearanceof the indicator
function in the last term again relatesto the fact that in the °uid limit, massthat
was near zero in the stochastic model can be crushedto zeroin the scaling limit.
To discernthe correct form for this term, one usesthe fact that at atime t > 0 for
which z;(t) = 0and i ;3;(9i is di®ereniable, we must have that the time derivative
of HF;3;(9i is zero.

When the initial °uid workload is nite, we have the following result which is
proved in [8].

Lemma 3.3 Supmwse? is a °uid model solution with "nite initial workload, i.e.,
w; (0) = hA;3;(0)i < 1 for alli - I. Then, for eachi - | andt,k O,

Y4 t ¢
wi(t) = wi(0) + . % i 2i(2(s) Loa)(z(s)ds

3.2) = wi(0) + %t a(b):

In particular, the °uid workload w;(t) is nite for allt, Oandi - I.
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SN NP
T T 7

Fig 1. A linear network with 3 resources (denoted by circles) and 4 routes (denoted by line
segments)

For later use,when3 (9 is a °uid model solution with "nite initial workload and
°uid workload function w, wede ne A:[0;1)! Rj by

(3.3) Alt) = Aw(t); t, O

5

sothat the jth componert of A(t) de nesthe °uid workload at resourcej at time t.
In other words, A is a resourcelevel workload, whereasw is a route level workload.

4. Fluid stabilit y for some network top ologies

In this section, we useLyapunov functions to show stability of °uid model solutions
with Tnite initial workload for two typesof network topologies,linear networks and
tree networks, under the nominal condition:

X
(4.2) Aji% < G forallj - J;
il

i.e., the averageload placedon eadt resourceis lessthan its capacity. (We note that
it follows from the characterization of invariant states for the °uid model given in
[8] that under this nominal condition, the only invariant state is the zero state.)
We assumethat (4.1) holds henceforth. Let

0 1
X
(4.2) "=min@C i AYA;
m

il
sothat " > 0.
4.1. Line ar Network
A linear network consistsof J resourcesand | = J + 1 routes whereroute j consists
A schematic of such a network is shown in Figure 1 for J = 3.

Consider a °uid model solution 3 with “nite initial workload w(0) = hA;3(0)i
and assaiated resourcelevel workload function A asde ned in (3.3). Consider the

Lyapunov function H : R} ! R, dened by

(4.3) H(A) = r]naJxA, .

A Lipschitz cortinuous function x : [0;1 ) ! R is absolutely cortinuous, hence
it is di®erertiable almost everywhere and it can be recovered by integration from
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10 H.C. Gromoll and R.J. Wil liams

its a.e. de ned derivative. We call a point at which such a Lipschitz cortinuous
function is di®ereniable a regular point for the function.

The auxiliary functions ¢; : [0;1)! R.,i - 1, are Lipschitz cortinuous, and
hencesotoo are u;j - J, wi;i - | and A;j - J. The function H (¢ is Lipschitz
continuous and henceso too is H (A(®). Let t > 0 be a regular point for H (A(¢),
Giwi ti- 1 us A - J, sudthat foralli - 1,

(4.4) a(t) = 2i(z(t)) 11 )(z () + Yliog(zi(1));
(such points occur a.e.). Supposethat H (A(t)) > 0 and let

Je=fj - JTHAW) = Ay
Then,

H(A®t) = A(t) forj 2 J¢;
H(A(t) > A(t) forj 2J;

and by the fact that t > 0 is a regular point for H(A(9) and A;j 2 J;, we have
(cf. [6], Section 3),

(4.5) %H (At)) = A(t) forallj2Jy:
Now, by Lemma 3.3 and (4.4),

X X
(4.6) A= Ajw(t) = Aji(%i mi(z())lo1 ) (zi(t):
il i

We considertwo cases.

Case (a). Supposez(t) > 0 for somej 2 J. Then by the de nition of a(¢ and
the fact that route j just contains resourcej, it follows that the full capacity of
resourcej will be usedby a(z(t)), i.e.,

Ajini(z(t)1le.1y(z (1) = G
il

Thus, for this j 2 J¢, (4.6) becomes
R X
A= Aji%loe)(z®)i C
ﬂ(' [
Aji%i C
i<
by the assumption (4.1). It follows that in Case(a),
d,, "
EH(A(t)) i
Case (b). Supposez;(t) = Oforall j 2 J;. Then w;(t) = Ofor all j 2 J; and since
A (1) = w (1) + Wy (1); | RN
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we have

A(t) = waa (1) forallj 2 J;:

Since
wie (1) - A@) < A(t) foralll2d;j2Jy;

A(t)= wyu (t) forallj . J:

By Lemma 3.3 and (4.4), sinceH (A(t)) = wj41 (t) > 0 and hencezy4; (t) > 0, we
have

(4.7) Wyer (1) = Ya+1 i Bya (2(1)):

Sincezj(t) = Ofor allj - J, m;(z(t)) = Oforallj - J, and it follows from the
de nition of a(z(t)) asthe solution of an optimization problem where at least one
constraint must be binding, that there is at leastonej - J such that

834 (2(1) = Cj:
Here C; > % + Y4341 by (4.1). It follows that, for this j,
Wi+t (1) = %3410 G <%+ %4 i G- j"<O
Hencein Case(b),
SHAM) = wa® - i

Thus, in either Case(a) or (b), at the regular point t > 0,

%H(A(t)) -~ i " whenH(A®t) > O
SinceH (A(9) is non-negative, it follows from Lemma 2.2 of Dai and Weiss[6] that
H (A(t)) =0 forallt , £= H (A(O)):n:

We summarize the above analysis as follows.
Lemma 4.1 Consider a linear network satisfying the condition (4.1) andlet" > 0
be as de ned in (4.2). Supmsethat 3 is a °uid model solution with "nite initial
workload w(0) = PA;3(0)i. Then

3(t) =0 forallt,
where += max;. 5 A (0)=".

In the above sensethe °uid model for any linear network is stable under the natural
condition (4.1).

4.2. Tree network

As pointed out by Bonald and Proutigre [2], tree networks, asillustrated in Figure
2, are practically interesting as they may represen an accessnetwork consisting
of sewveral multiplexing stages.Furthermore [2], they typically exhibit sensitivity to
documernt sizedistributions.
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12 H.C. Gromoll and R.J. Wil liams

A tree network consistsof J , 2 resourcesand | = Jj 1 routes such that a
single resource(labeled J and referred to as the trunk) belongsto all routes and

Proceedingin a similar manner to that for the linear network, considera °uid
model solution 3 with "nite initial workload hA;3(0)i. We use the total workload
function H : R}I 11 R, dened by

.X 1
(4.8) H(w) = Wi
i=1

asa Lyapunov function. Note that H (w(9) = A; (9, the resourcelevel workload for
the trunk resourceJ. Supposet > 0 is a regular point for ¢;i - Jj 1, such that
foralli- Jj 1,

a(t) = mi(z(t)1o:1 ) (zi (1) + %Liog(zi(1));

(such points t occur a.e.) Then t is a regular point for all w;;i - Jj 1. Suppose
H (w(t)) > 0. Then by Lemma 3.3,

X
(4.9) %H(W(t)) = (Vi =i(z()1o:)(z(1):
i-Ji1l

We considertwo cases.
Case (a). Suppose X

2 (z(t) ;1) (zi (1) = Cy:
i-Jj1

Then by (4.9) and (4.1) with j = J, we have
d X
aH(W(t)) : Y%i Cy- ™
i-Jji1l

Case (b). Suppose X

2 (z(t) ;1 )(zi (1) < Cy:
i-Jji1l

Then, by the de nition of a(z(t)), we must have
(4.10) a;(z(t)) = C; for thosei - Jj 1 satisfying z(t) > O:

For if not, the value of &;(z(t)) could be increasedon some non-empty route i
without exceedingthe capacity of the resourcesi and J on that route. From (4.9)
and (4.10), it follows that

d X
giH (W) = (*2i Ci)lo:1)(z(1)

i-Jji1
<0
since¥% < C; foralli - Jj 1by (4.1), and sincez(t) > O for somei - Jj 1las
H (w(t)) > 0.
Thus, in either Case(a) or (b),
%H(W(t)) - "< 0; whenH(w()) > 0:
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A
/

Fig 2. A tree network with 4 resources and 3 routes

SinceH (w(®) is non-negative, it follows from Lemma 2.2 of [6] that
H(w(t)) = Oforall t, += H(w(0))="

We summarizethe above analysis as follows.

Lemma 4.2 Consider a tree network satisfying the condition (4.1) andlet" > 0
be as de ned in (4.2). Supmsethat 3 is a °uid model solution with nite initial
workload w(0) = MA;3(0)i. Then

3(t)y=0for allt, %

P
where = 3 1 Wi (0)=".
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