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Chapter 8

Dispersion and Cavity-Ringdown Spectroscopy

Kevin K. Lehmann

Department of Chemistry, Princeton University, Princeton, NJ 08544

Cavity Ring Down Spectroscopy has become an important method in
gas phase spectroscopy and its uses promise to expand. While
previous investigators have considered the decay of the stored energy
in the cavity ring down cell following short pulsed excitation, this
paper considers the effects of pulse reshaping during cavity ring down.
It is found that in order to properly model these effects, one must
consider not only the mode dependent loss of the ring down cavity, but
also dispersion that shifts the resonant modes of the cavity. Only by
considering the latter effect does one get a “causal” result where the
free induction decay signal of the absorber occurs after the excitation
pulse. It is demonstrated that in the limit that the cavity round trip
time is long compared to both the 7, time of the intracavity absorber
and the temporal width of the excitation pulse, the reshaping of the
n’th pulse out of the ring down cavity is the same as the reshaping
produced by free space propagation over a distance of (2n + 1)L where
L is the separation of the mirrors in the cell. However, when the
absorber T, becomes comparable to or longer than the cavity round
trip time, then discrete modes of the ring down cavity become
important. A general expression for the output is given for the
important case of a weak absorber, and changes in the output are
computed for a single absorption line as a function of the ratio of T,
to the cavity round trip time for several values of the optical thickness
of the sample. Lastly, it is suggested that monitoring changes in the
pulse shape of the cavity ring down signal provides a way to
characterize an absorption spectrum on a frequency scale of the laser
bandwidth down to the cavity free spectral range.
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Cavity ring down spectroscopy (CRDS) has become an important method for
obtaining highly sensitive absolute absorption spectra of weak transitions or rarefied
species (/-8). Very briefly, CRDS uses pulsed laser excitation of a stable optical
cavity formed by two or more highly reflective mirrors. One observes absorption by
molecules contained between the mirrors by an increase in the decay rate of photons
trapped in the cavity. The absorption spectrum is obtained by measurement of the
cavity decay time versus the excitation wavelength. Absorption equivalent noise as
lowas ~ 3-10"%m +/Hz has been demonstrated, and in principle several orders of
magnitude further improvement is possible (3, 6).

The theoretical underpinnings of the method have been the subject of recent
controversy. O’Keefe (a co-inventor of the method) and his collaborators have favored
a “particle” picture of CRDS where one considers the photons injected into the cavity
as bouncing incoherently between the cavity mirrors (/,12). Meijer et al. (5) noted
that a ring down cavity (RDC) is in fact a very high finesse etalon (~10° is typical),
and considered the effect of the discrete cavity modes on a spectrum observed by
CRDS. They pointed out that for a mode matched cavity, one can get distortions in
the absorption spectrum due to the filtering produced by the cavity modes of the cell.
Zalicki and Zare (9) reach the same conclusion. Meijer et al. also pointed out that it
is possible to “fill in” the cavity mode spectrum by excitation of high order transverse
modes, which are in general shifted in frequency from the TEM,, modes. However,
O’Keefe and collaborators (7) have attacked this conclusion and argued that the
complete spectrum of the input pulse enters the ring down cavity when its coherence
time is less than the cavity round trip time. They claimed that for short coherence
length excitation, CRDS can be completely interpreted by the particle model and that
no distortion of the absorption spectrum will occur, regardless of the relative values
of the absorption sample’s coherence dephasing time 7, and the cavity round trip time
)

This controversy motivated Lehmann and Romanini (/0) and Hodges, Looney,
and van Zee (/1) to develop rigorous theories for the output signal in a CRDS
experiment. The only assumptions in these analyses were the most fundamental
principles of optics and that of linear absorption by the sample. Further, it was shown
that for the important case of a high finesse cavity, the output can be described as a
convolution of the input electric field with a Green’s function expressed as a sum over
all cavity modes, with each cavity mode consisting of a damped exponential times an
excitation amplitude that depends upon the spatial properties of the input beam.
These results demonstrated that CRDS is only sensitive to sample absorption at the
resonant frequencies of excited cavity modes of the RDC, in direct contradiction to
the conclusions of Scherer et al. (7).

The present paper builds upon that analysis. When the input pulse is shorter
than the cavity round trip time, one will always excite more than one cavity mode.
Beating of these modes is responsible for the localized traveling wave that moves in
the cavity according to the particle model of CRDS. Here we consider changes in the
pulse shape as the cavity rings down. If the input radiation pulse width is less than the
time it takes light to make one round trip of the cavity but long compared the
dephasing time, T,, of the absorber, the excitation will create a well defined
intracavity pulse that will experience an overall decay in amplitude but otherwise
retain the shape of the input pulse. This is the limit where the particle model of CRDS
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is appropriate. However, if the sample 7, is not short compared to the laser coherence
time, then the pulse will change shape as it propagates inside the cell, as is well
known for the case of free space propagation (/3). Such an effect cannot be described
by a particle picture since it arises from the selective attenuation and dispersion of the
spectral components that make up the intracavity wavepacket. The purpose of this
paper is to demonstrate that the mode theory developed by Lehmann and Romanini
(10) provides a natural description of this effect. It will be demonstrated that in the
limit of a cavity round trip time that is long compared to 7,, the output of the RDC
consists of a series of pulses, each of which is the exactly the same as for free space
propagation, such as was previously described by Crisp (/3). Comparisons will be
made between the free space results and numerical calculations for the case of finite
values for the round trip time.

It is important to emphasize that the results presented in this paper are based
upon linear response theory and as such are only applicable in the limit of negligible
saturation of the sample by the intracavity pulse. The case of intracavity saturation is
an important situation since this should allow for sub-Doppler spectroscopy by
observation of Lamb Dips when the forward and reverse going pulses interact with
the same molecules.

The Effect of Dispersion on a Mode Matched Ring Down Cavity

Consider a ring down cavity formed by two mirrors with radius of curvature R,
separated by a distance L [which must be < 2R_ to have a stable cavity (/4)]. We
define . = 2L/nyc, the round trip time of the cell, where c is the speed of light in
vacuum and 7, is the nonresonant index of refraction in the medium between the
mirrors. For simplicity, we will assume that the mirrors have identical electric field
reflectivity R (defined from the substrate side of the mirror, the sign is opposite for
reflection from the other side) and transmittivity 77 The more familiar intensity
reflectivity and transmittivity are given by R = |R|* and T = [T °. Further, we will
initially assume that we can treat R and 7T as constants over the bandwidth of input
radiation to the RDC.

We will assume that the input field is mode matched to the TEM,, transverse
mode of the cavity. This is done primarily for mathematical simplicity in that it
effectively reduces the problem from three dimensional to one dimensional. Using
the general three dimensional results from Ref. (10), the present results can easily be
generalized. However, in applications of these results, it is likely that one will want
to carefully mode match the radiation. This is because the effects of excitation of
multiple transverse modes is to produce a time dependent shape of the cavity output
in the plane transverse to the optic axis, due to transverse mode beating. Such effects
would likely complicate attempts to study the changes in the pulse shape along the
optic axis due to pulse reshaping by the sample. In the ideal case where diffraction
losses can be neglected and one detects all the output radiation, there is no
interference between different transverse modes due to their orthogonality. In this
case, one can just average the cavity output calculated for each set of longitudinal
modes associated with fixed transverse mode numbers TEM,,. In a detailed
calculation, one must consider the overlap of the excitation radiation with different
TEM,,, modes (/0) as well as the shift in resonance frequency with transverse mode
numbers.

As demonstrated in Ref. (70) [Eq. (11)], the output of the RDC subjected to
arbitrary excitation can be written in terms of a Green’s function as:

E, ()= [G(t=-1)E,ydr' | 1)

where E(t) is the electric field of the input radiation, as measured at the input mirror,
and E(t) is the electric field of the output radiation, measured at the output mirror.
Physically, G(t—t') gives the output of the cell following a delta function input at time
t'. This simple form of the output is a consequence of the RDC cell being a linear
optical system with time independent properties. Under the conditions appropriate for
CRDS experiments [see Ref. (10) for details], G(¢) takes the following simple form:

G(t)—J—ZA(m )exp[ T/)jexp[w)(t—t 1)]ew-1,12), @

where o, and 4(o,) are the angular frequency and excitation amplitude of the g’th
cavity resonance mode; /,(,) is the ring down time of the ¢’th mode; () is the unit
step function that equals zero for <0 and one for # > 0. G(¢) can be calculated from
the cavity parameters, the index of refraction, n(®), and absorption spectrum, o(®),
of the sample inside the cavity by the following relationships:

—o(w)L2

Aw,) =27 T (3a)
r eﬁ( )

Ry (@)= R(@)e ™" (3b)

LR, ()

A-Ry@)] (3¢)

ti(o,)=

The resonance condition for the ¢’th mode is give by:
k(w,)L=mq+6 )

with k(®) = n(w)w/c the wavenumber of the radiation and 6 = arg(- R) the phase shift
per reflection from the mirrors. Equation (4) neglects a phase shift due to diffraction
(14), which can easily be incorporated into 6.

Consider that the RDC is filled with a sample that has a broad band
(nonresonant) index of refraction n,, and a resonant susceptibility (@) = %' -i %,
where the sample has a macroscopic polarization defined by P(w) = x(m)E(m) Since

109



110

for a gas the response is isotropic, P | E, the medium will not change the polarization
state of the electric field and we need not consider the vector character of the radiation
field. In the presence of an external field, the sample will be anisotropic and the
treatment will need to be slightly modified (/5). Recently, Meijer’s group has
reported measurements and theory for polarization selective cavity ring down
spectroscopy (6). The field radiated by this polarization leads to both absorption (x")
and dispersion (' ). Following Yarivv (/4) [Eq. (8.2-4)], we can write the index of
refraction for small [y| as:

x’(w)}_ix”(m) . 5

2n,} 2n,

o

n(o)= no[l +

From this we see that the absorption coefficient (which describes the exponential
decay of the intensity) is given by:

oy"(o
a(w) ==-—2%;§——2 . 6)
0

The real and imaginary components of y are related by the principle of
causality, which insures that the inverse Fourier Transform of y [which gives the
Green'’s function that describes time dependent polarization produced by an impulse
E(f)=3(t)] be zero for all £ <0. This is traditionally expressed by the Kramers-Kronig
relationships, a pair of integral equations relating ' and §". The traditional derivation
of these relationships, which is based upon closing a contour to evaluate the integrals
(14) is not valid for a Doppler broadened line, but the classic text by Frohlich (/7)
presents an alternative derivation that does not have this limitation. Peterson and
Knight (I8) have presented an efficient Fast Fourier Transform (FFT) method for
calculation of the real from the imaginary susceptibility or visa versa.

In order to calculate the cavity resonant frequencies in the presence of the
molecular resonance, we substitute Eq. (4) into Eq. (5). Using the fact thaty’ is small,
we can write:

x'(@g)
0, =(0:I:1———2‘no—2q] @)
where
2 c
—7(7Cf}+9) nO—L(ﬂfJ+9) ®)

is the cavity mode condition without sample dispersion. In normal situations, the shift
in cavity resonance frequency due to dispersion will be very small. The peak value
for o, - co°| will be about +0.3 ¢ a(w,) where o, is the peak of the absorption line
(1 9) Smce in CRDS one typically deals with samples where the peak a(w) is 10 -3
cm’ or less, the corresponding shift in resonance modes will be |o - )| <2nx10*s

This small shift will be much less than the width of any resonances (20), and thus one
can safely replace y(w,) by x(m‘D in the right hand side of Egs. (6) and (7). Ina
traditional CRDS experiment, one filters out all but the slow decay of the light energy
in the cell. In this case, since dispersion causes a negligible change in decay rates, 7,
it has no effect on the CRDS signal, as predicted earlier by Zalicki and Zare (9).

One may wonder if such a small shift could be important at all. Without the
contribution from y, the beating of different cavity modes is strictly periodic with
period #,. The small dispersion contributions cause this periodicity to be lost, and this
affects the shape of the pulses leaving the cavity. For example, after aring down time
of 3.3us, with a(@,) = 10 cm™, light would have traveled one Beer’s length through
the sample (1 km). Cavity beating terms can be phase shifted by as much as +0.5
radian. This is enough that one may expect to observe significant distortion in the
shape of the signal. As the sample becomes even more optically thick, the phase
shifts grow proportionally.

Substituting Egs. (7) and (6) into Eq. (2), and exploiting the approximation
that R, = 1 that was used in the derivation of this equation, it is possible to derive the
following expression:

7—'2 L_l - CDO
G(ty=——R" 2 e expl i 2nq2 x(m:)(t—t,/Z):IB(t—t,/Z) . 9)
0

' q

From this equation, using the relationship Y, exp (2migx) = Y 8(x - N), it is
straightforward to show that

limG(r) = ZT R™8(t—1,) (10)

N=0

where t, = (N + %4) t,, which is the time that the N"th pulse would leave the cavity
without dispersion. This last result can be derived directly by considering the sum of
paths through the cell and thus serves as a check of the present results. Based upon
this limit, we expect that even with modest dispersion G(t) will consist of spikes at
times near £y, where the different terms in the sum over modes will constructively
interfere.

We define a dimensionless time © = (t - t,)/t . It is also convenient to add
and subtract one to the exponential term in the sum on the right hand side of Eq.(9),
since this allows the 8 function singularity to be treated analytically. This allows the
Green’s function to be rewritten in the following form:

ZRZT ©
G(t) = Tt—LZOs (t-N)-

r

+0
z 2miqt (1 expl:—z TEq >
q 0

an

x (@) +1/2):D6(r)} .
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The physical interpretation is that, in the limit of a very short optical pulse used to
excite the cavity, the sum of & functions is just the external field injected into the
RDC, while the second sum represents the field radiated by the absorbers, i.e., the free
induction decay (FID) of the sample. For the more realistic case of cavity excitation
by a pulse of finite duration, the output is given by the convolution of the input pulse
with G(1). Note that the FID term is in the form a discrete Fourier Transform, and
thus the sum can be numerically calculated by a FFT routine (27). If one is
considering very short response times, then the assumption of constant R and 7~ will
break down. However, one can generalize the above expressions by explicitly writing
R(wg) and T (wy) and moving these factors inside the sum over g.

For a general input electric field, we can use Eq. (1) to calculate the output
electric field. However, for the case of an “impulsive” excitation, where the input field
is confined to a time much less than the ring down times for the excited modes, this
integral becomes a Fourier integral. We are left with the following expression for the
output:

Ey(t) = TZRZ'[E‘,E;((T -N)t)

(12)
2 Zez"f‘l’(l - exp{—inq L )z + 1/2)DE, (w,,“)@(x)]

t, ny’
where E ; ((n: ) is the Fourier component of the input wave E .(#) atthe q’thresonance
frequency of the cavity. As above, the second sum in the above expression can be
efficiently evaluated using an FFT routine.

Let us now consider the special case where the spacing between cavity modes
(o ;’ )is small enough that y(w) changes negligibly between modes. This corresponds
physically to the situation for which the dephasing time, 7, is short compared to the
cavity round trip time, #,. We expect that the Green’s function will be significant only
for a few T, after the times (N + %) t,, i.e., = N. In this "long cell’ limit, the sum over
modes in Eq. (9) can be replaced by an integral over (03?‘), which will just be written
as . Under the approximation that R = 1, this integral expression for G(?) can be
simplified to:

7"2R2N ot . X((D)
G(t)—; o Idwe expli—lco o L |®@-1,12) . (13

Each term in this sum has a natural physical interpretation. Except for the factor
reflecting two transmissions and 2N reflections off the cavity mirrors, each term is
the Green’s function that one gets for free space propagation of the input pulse
through the same intracavity medium over a pathlength corresponding to (N + }2)
round trips of the cavity (/3). Thus in the situation that the absorption dephasing time
is short compared to the cavity round trip time (which means that the sample will
coherently interact with only one intracavity pulse at a time), the N’th output pulse of

the RDC provides a faithful measurement of what the same input pulse would do if
it experienced free space propagation over a length (2N + 1)L.

Cavity Field with Lorentzian Absorber

An interesting question is how large the ratio ¢, /T, needs to be for the “long cell” limit
to provide an adequate description of the ring down cell output. In this section, we
will compare calculated ring down outputs computed for different values of this ratio.

Let us assume that the RDC is filled with a two level Lorentzian absorber,
with resonant angular frequency given by w,, with number density N,, and with
transition dipole moment given by p,. We will further assume that all the population
is in the lower state of the transition. In this case (/4):

_HozNo 1
gt (0 —0y)—-i/T,

x(@)= (14)

This sample will have a resonance with frequency full width at half maximum
(FWHM) given by Av = (n T,)"' and peak absorption coefficient, a (w,), given by:

=‘3°0“02T2N0 . 15)
cnyg,h

We will now assume that the ring down cavity is excited with a pulse much
shorter than T’,; we approximate the excitation by a delta function input. In this case,
the Green’s function directly gives the output signal of the RDC, assuming that 7= 0
is defined by the time of cavity excitation. For early times in the ring down (o, ¢ ¢
«1), the sample will be optically thin for all frequencies. In the long cell limit, we
can use Eq. (13) to show that the output is:

G(t)= ;TZ'R”’ [a(t—t,,) C;:"'T” exp((io, — 1/ T)(t—1,)) Ot -1, )} . (16)

Note that an exponential FID follows each exciting pulse, is out of phase, and builds
up in amplitude. For finite values of ¢ «, f, we must consider the effect of the FID
acting back on the sample. From the result presented by Crisp (/3), it is possible to
write an analytic result for this case as well:

G =2 T R¥p-1,)

Ol y ol =ty ;
- /m J,{2 %}exmﬂmf”?}xht”» o -1,)] 17

where J, is a Bessel function.
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We now consider the opposite limit, that of a “short” RDC with 7, « T,. In this
case, at most one cavity mode will strongly overlap the resonant response of the
sample. We must now consider the relative position of the resonance frequency and
the cavity modes. First, we will consider the case where one of the cavity modes is
centered on the resonance, ,. Referring to Eq. (11), it is clear that the FID will be
dominated by the term where @, = @,. If we only include this term in the sum, the
Green’s function can be written as:

2 2t
G = [‘Z‘I'ZR“’S(t—tN)]—T—y“il e’”“"""”[l—exp[-%tﬂ o(t-1,/2)
N r 0

(18)
et <<l [Z T*R™s (1 - ’N)} _ 7'2|’R’,|2' %(t +1/2)got
N o

Thus the FID consists of a pure wave at angular frequency o, whose amplitude starts
growing linearly but then saturates. The frequency domain interpretation of this result
is as follows: The radiation admitted into the RDC consists of a picket fence of
frequencies, only one of which is absorbed by the sample. By the superposition
principle, this can be expressed as the picket fence minus a pure wave at w,. The
picket fence corresponds, in the time domain, to a train of delta functions while the
pure wave is the FID. This FID saturates once the net wave at the resonance has been
completely eliminated. In the time domain approach, we see that having a cavity
resonance coincide with the sample resonance insures that the train of delta functions
coherently excite the sample, thus the sample coherence and FID grows linearly at
first. However, this FID acts to de-excite the sample (since it is out of phase), and we
approach a steady state where the two sources of excitation exactly cancel, producing
no net absorption. This is related to the area theorem as discussed by Crisp (/3).

Now let us consider the case where the sample resonance is exactly half-way
between cavity modes o, and @,,,, while still taking , « 7,. The response will be
dominated by  at these modes, which will be = 3 times larger than for the modes w,,
and ® s and thus we make the approximation that only these two modes need be
considered. With this approximation, we get:

Gty = [Z’T”R’”S(t—t,,)}
N
7'2|’va2r ( Caotz) J i (1-1,/2)
_ _ r r 19
2——tr cos(m ) — co n+2nn§7; T|le (19)
SRETNRAIN [ZTzRZNS(t—tN)]
N

t .
+TR[" ————-260:“1‘ (x +1/2)I:cos(m)— n}' sin(m)]e""“(""/z) (20)

nynT, 3

We thus see that we get an FID wave that is modulated at the cavity free spectral
range and has an amplitude that is = (27, /xT,) smaller at early times. Including modes
further from the resonance line will add higher Fourier components to the FID.
Because of smaller x at the cavity modes, the linear approximation works for
correspondingly longer times. The leading term, down by one power of the ratio ¢,
/nT,, comes from the dispersion contribution to the signal, while the term proportional
to (£, /nT,)? arises from the absorption term.

The case of ¢, ~ T, requires numerical calculation. Figure 1(a) presents the
FID amplitude calculated by Eq. (17) for the case of free space propagation at four
values of the on-resonance optical depth of the sample, (c &, £y)/n, = 0.1, 1, 10, 100.

Free Space Propagation; T,=03

T
1
0.8
] 0.6
3
Ef
€
< 04 |
a
w
4] I —
02 L. . L
0 0.2 04 0.6 0.8 1
time

Figure 1a. Normalized Free Induction decay amplitude produced by Free Space
Propagation of a § function through a sample with T, = 0.3¢,, where ¢, is the unit
of time used in the graph. Calculated by Eq. (17). The Four curves, in order of
increasing initial decay rates, are for propagation through a sample with a,L = 0.1,
1., 10., and 100, respectively.

The results depend only on the ratio of 7 to T,, but in order to compare free space and
cavity propagation, we have arbitrarily used t, as the unit of time for this plot and
assumed T, = 0.3/, Figure 1(b) presents the FID for the case of a cavity ring down
experiment, calculated from Eq. (11), where we have again taken the time unit to be
the cavity round trip time ¢, and the origin equal to #, the output time of the input
pulse that travels (2N + 1) passes of the cavity. The same four values for the on-
resonance optical depth are given. The cavity modes were phased so that one mode
was exactly resonant with the transition frequency. Despite the fact that the cavity
mode spacing is slightly greater than the FWHM of the absorption line, the FID is
almost quantitatively the same as for free space propagation over the same path
length. The apparent noise near the discontinuity of the FID is an artifact due to the
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abrupt cut-off of the high frequency components of the FID, known as the Gibbs’ Cavity oft Resonance; T, =03t
phenomenon (22). These calculations were done using 2'° cavity modes with the 2°°th
mode resonant with the optical transition.

0.8

Cavity on Resonance; T2 =03 t'

0.6

04

F.1.D. Amplitude

0.2

) \'w%

-0.2

F.1.D. Amplitude

0 02 0.4 0.6 0.8 1
time

Figure lc. Same as Fig. 1b except the center of the sample absorption line is
exactly half way between two cavity modes.

0o 0.2 0.4 0.6 08 1
time

Figure 1b. Normalized Free Induction decay amplitude produced by Cavity s Progegation;
Propagation of a § function input through a sample with 7, = 0.3 7,. The time axis Free Space '
is in units of 7. The cavity has a resonant mode at the same frequency as the 1
center of the sample absorption line. Calculated by Eq. (11). The Four curves, in

order of increasing initial decay rates, are for propagation through a sample with 08
co ty=0.1, 1., 10., and 100, respectively.

T2 ='r

T

T~

\\§

0.6
Figure 1(c) shows the results of the same calculation, but with the optical resonance

midway between the 2°’th and 2°+1°th cavity modes. For high optical depth, the
curves are almost identical to the on-resonance case, but for lower optical depths one
observes a faster decay and then the FID amplitude goes negative. Figures 2(a-c) :
presents the results of the same calculation of the free space, on-resonance, and 02 \
off-resonance calculations, but now with T 2= 1. Inthis case, the cavity mode spacing

is 7 times greater than the FWHM of the absorption line, and significant deviation 0 e\ /_~ T —]
from the free space propagation results are evident. What is perhaps remarkable is

how similar the on resonance FID remains given the fact that the absorption line is 02
being so dramatically under sampled by the discrete modes of the ring down cavity. 0 02 04 06 08 !

time

0.4

F.1.D. Amplitude

Figure 2a. Same as Fig. 1a, expect with T, = t,, where ¢, is the unit of time used
for the graph.
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Cavity Field with Gaussian Absorber

Cavity on Resonance; T, =t

6 — T ' T The results presented in the previous section are applicable to the case of a gas phase
\ ; absorption line with homogeneous width large compared to the Doppler width. For

transitions at low to modest pressure, one must include the Doppler broadening of the

‘ \ ’ | ' B spectroscopic transitions. The most straightforward way to include Doppler
\\ broadening is to convolve the time dependent susceptibility for a Lorentzian line with

é) o8 J the inverse FT of the Doppler profile. This assumes that the 7, time is independent
g ‘ of Doppler shift and also neglects Dicke narrowing effects. This convolution can be
; evaluated analytically and results in the following expression for the susceptibility:
- " ; \
2nu’N 1
X(t)z—i—”lexp(imo-t—t/Tz——oj-t2 1)
. _— gl 2
j where o, is the standard deviation of the Gaussian Doppler line and is given by:
0 0.2 0.4 0.6 08 1 k T
i [0
time o, =22 (22)

Figure 2b. Same as Fig. 1b, expect with 7, = £,.

In the above expression, k; is the Boltzmann constant, 7 the sample temperature, and
M the mass of the absorber. Fourier transformation of y(¢) gives x(w). The imaginary
part of y() is the Voigt line shape. The real part gives the dispersion of the Voigt line

Cavity off Resonance; T, =1, shape. Figure 3 shows the normalized dispersion curve for a line with negligible

, ' T Lorentzian component. It has the same qualitative shape as for a Lorentzian line
h shape. Far above and below resonance, it goes to zero as ~ 1/(w, - ®). It has a
08 ] minimum and maximum of 0.6 at ® - ®, =+1.3 6,. In the wings of the line, the
: N ; ] ratio of the dispersive to absorptive line shape is much greater for a Gaussian than for
! 3 R \ ] a Lorentzian line shape.
i 2 o N\ I Since in CRDS calculations we are only interested in x(w) at the cavity mode
! g ' \\ frequencies, we can also calculate these by the FFT method. If we wish to calculate
| g o2 | : modes o, through ., we should compute the FFT of the function exp(-io )x(t)
, @ - \ \ ] evaluated at the points £, = k - £/N with k= 0,1....N - 1. Substitution of the resulting
o - o :—# x(wy) into Eq. (11) and evaluation by inverse FFT gives the FID decay signal
f ; < ] following a delta function input. For a more general input field, the output can be
02 ; B | found by substitution of y(w,) into Eq. (12).
-0.4 i . i 1
. oz s os os ; Towards a Time Domain Cavity Ring Down Spectroscopy?
fme The results of this paper demonstrate that pulse reshaping is a general phenomenon
Figure 2c. Same as Fig. 1b, expect with 7, = ¢, and the center of the sample in CRDS whenever the input pulse coherence time is shorter than the dephasing time
absorption line is exactly half way between two cavity modes. of the absorbing gas in the cavity. Previous CRDS experiments have not had to

consider this effect because the cavity output was strongly filtered to eliminate all but
the lowest frequency components of the output intensity. However, we hope the
present paper will motivate increased attention to the shorter time characteristics of
the output signal since these are sensitive to the sample spectrum over the resolution
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Figure 3. Normalized Real (y') and negative Imaginary (x") Susceptibility for a
Doppler Broadened Transition. Calculated by the Fast Fourier Transform of Eq.
(21) with a time step of (64c,)"' and a total of 2 time steps.

interval between the laser bandwidth and the free spectral range of the RDC. The
effect of the resonant modes of the RDC is to replace the continuous Fourier
Transform relationship between time and frequency domain response by a discrete
Fourier Transform, due to the output field being nearly periodic in time. We have
demonstrated that the detailed output pulse shape can be easily calculated from the
absorption and dispersion spectra of the sample in the cavity by use of a fast Fourier
Transform approach.

These results suggest that it is possible to do CRDS spectroscopy in the “time
domain.” We will now demonstrate that such experiments are, at least in principle,
practical. To make the discussion more concrete, we will assume that the experiment
is designed to detect the concentration and temperature of a molecular oxygen using
the A band (i.e., the b 'T,' - X’Z,” transition) at 7620 A. If the sample is assumed to
be at room temperature and atmospheric pressure, the individual rotational lines of
this band will be pressure broadened to a width of =0.1 cm™ FWHM, which implies
T, = 100 ps (23). Under these conditions, the strong rotational lines have a peak
absorption strength of ¢, =1 - 10~ cm™ - atm™ - P(O,), where P(O,) is the partial
pressure of molecular oxygen (23).

Consider the proposed experimental design shown schematically in Fig. 4. A
mode locked Ti:sapphire laser with nearly Fourier Transform limited output of At =
5 ps with repetition period T, = 10 ns is used. With an average power of 1 W, this
laser will produce output pulses of = 10 nW and peak power of = 2 kW. Part of this
output is amplified in a Regenerative Amplifier, which will be assumed to produce

an output pulse energy J = 50 uJ. The output of the amplifier will be mode matched
and coupled into a RDC with a nominal length of 1.5 meters, producing a cavity
round trip time, ¢, only slightly shifted from that of the Ti:sapphire laser. We will
further assume that the mirrors of the ring down cavity have 7= 1-R = 10™. These
conditions that 8¢ « T, « ¢, allow one to treat the excitation of the sample as impulsive
(i.e., the FID is just proportional to the Green’s function), and the “long cell” limit
where the FID’s from different cavity passes do not overlap significantly. In this
limit, up to a time where 4 = ¢ a4 £,/n, = 1, the intensity of the FID wave leaving the
cavity will be:

JAt

1)~ T*R* AZ(W) exp[—(t -1,)/2T, ] . (23)
2

A is just the on-resonance absorption of the sample for a pathlength equal to that the
light traveled in time #,. For 4 = 1, the output power Iy, = 60 pW that is 240
photons/ps.

Mode Locked Regenative
Laser Amplifier
P
D& T
| =S
T I \
PMT I SF \ ]

Xtal Ring Down Cavity Cell
Figure 4. Schematic diagram of experimental apparatus for detection of time
resolved Cavity Ring Down Spectroscopy.

This FID intensity will be time resolved by the method of sum frequency
generation (SFG), using the light from the oscillator. The FID and pump beam will
be assumed to cross at an angle of 0.1 rad, which will allow the sum frequency beam
to be easily physically separated from the much stronger beam produced by the second
harmonic of the pump. We will also assume that we will use Lithium Iodate as the
nonlinear crystal. Since the two pulse trains have almost the same frequency, one will
“stroboscopically” sweep out the FID, advancing T, - ¢, each 1, = 10 ns. Each such
pulse can be resolved and digitized using electronics with a few ns time resolution.
If we assume 1, - £, = 10 ps, we get a time resolution of the FID of 10 ps and we
sweep out one cycle of the FID curve every 10 ps. Based upon the expressions given
by Shah (24), one can calculate a conversion efficiency of = 0.05, thus implying that
the peak of the FID will produce = 300 SFG photons per oscillator pulse. This is will
allow the FID to be obtained with moderate signal to noise even from a single cavity
excitation pulse. It should be pointed out that for constant input pulse intensity, the
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estimated number of photons scales with the square of the excitation pulse duration
(Ar). Thus, to optimize the FID signal, one should not use an excitation pulse shorter
than is needed to resolve the FID signal.

An important practical issue that we have not yet considered is the effect of
the finite reflectivity bandwidth of the RDC mirrors. To achieve the shortest possible
pulses, one must use specially designed mirrors that have “chirped” coatings (25).
The mirrors used in RDCS are designed for maximum reflectivity, which is typically
high over a bandwidth of 5-10%. In the red part of the spectrum, these mirrors are
made of alternating 1/4 wave layers with indexes of 2.1 and 1.49 (26). Using the
transfer matrix method (27), one can calculate the R(w). The time dependent output
of an impulsively excited RDC cell after 2n+1 passes of the cell can be calculated by
the Fourier Transform of R(w)*™. In Fig. 5 is given the calculated output intensity
after 10,000 reflections off of a dielectric mirror of 15 pairs of layers, quarter wave
at 760 nm. Such a mirror is calculated to have a peak reflectivity of 99.99%,

Pulse Broadening After 10,000 reflections
Off of Dielectric Mirror

Intensity

- 25.........30
Time Delay / ps

Figure‘ 5. Calculated time dependent intensity of short light pulse after 10,000
reflections off of a high reflectivity dielectric mirror, coated with alternating layers
of index 2.1 and 1.49, quarter wave at 800 nm.

The shift in the pulse by = 22.5 ps reflects the penetration of the coating by the light,
which leads to a slight time delay per reflection, which can be viewed as the cell
having a slightly longer effective length. The highly structured decay, with a width
of = 2 ps reflects the finite bandwidth of the light, filtered by 10,000 reflections. It
is thus seen that the finite bandwidth of such a high reflectivity coating will limit one
to a time resolution of a few ps.

One must naturally ask if there is any advantage to such a time domain
approach to CRDS? In principle, such experiments will not give any information that
cannot be obtained by scanning a narrow bandwidth laser over the same spectral
region and observing the more traditional frequency domain version of CRDS. The
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same objection can be raised against many gas phase, short pulse experiments, and the
author acknowledges that he has often found such experiments to be just a needlessly
difficult and low signal to noise way of obtaining spectroscopic data. If for no other
reason than the current fashion that erroneously views “time domain” experiments as
more “direct” that the equivalent frequency domain experiments, the present results
will likely find experimental application. Further, there are situations where the time
domain approach would offer some practical advantages. The width of a transition
can be determined on a single pulse and thus one has a multiplex advantage. This
could be useful if one is studying a sample that has an unstable concentration, so that
significant noise is observed if a transition is slowly scanned. Another possibility is
the study of small spectral widths and splittings, where relatively long FID’s could be
created and detected with inexpensive lasers and detection equipment, while the
equivalent frequency domain experiment may require a highly sophisticated laser to
realize the needed resolution. Of course, one must be mindful that the cavity be long
enough that the mode filtering not excessively distort the spectral features, but this
will be obvious from the observed FID. By off-axis excitation of a cell with a spacing
that satisfies the conditions of a Heriott Cell (28), the effective ¢, can be increased to
observe even longer FID’s.

We conclude that time resolved CRDS, where one observes changes in the
intracavity pulse shape as it travels through the sample, is likely to find application
in future experiments. The present paper presents the theory needed to interpret and
model such experiments.
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Chapter 9

Cavity-Ringdown Spectroscopy
versus Intra-Cavity Laser Absorption

Daniele Romanini

Laboratoire de Spectrométrie Physique—CNRS UMR 5588, Université
J. Fourier de Grenoble, B. P. 87-38402 Saint Martin d’Héres Cedex, France

Cavity ring down spectroscopy (CRDS) and intra cavity laser
absorption spectroscopy (ICLAS) are among the most powerful
quantitative absorption methods. In view of the growing inter-
est they attract, we will give a detailed comparative description
of their most relevant features. We will try considering all re-
cent developments, for example the use of continuous lasers or of
single mode pulsed lasers in CRDS, and the single-pulse ICLAS
by correlated double sampling. These are rather complementary
methods, and the choice of the most appropriate will vary with
the applications. Among these, most promising are trace de-
tection and high resolution spectroscopy of transient species in
plasmas or supersonic jets.

In spectroscopy, high sensitivity absorption is used extensively for the character-
ization of extremely weak transitions. For example, the investigation of highly
excited vibrational (overtone) states has contributed to much of the current un-
derstanding of molecular dynamics. In astrophysics, weak transitions characterize
the solar spectrum filtered through the atmospheres of the sun and of the earth,
and for more distant stars, their spectra may collect information about diffuse in-
terstellar clouds. This precious information about very remote environments can
be decoded only after identification and spectral characterization of the carriers
of those weak transitions in controlled laboratory conditions.

In the future, compact spectroscopic devices allowing ultrasensitive, selec-
tive, and quantitative absorption measurements will be an indispensable aid in
trace detection and environmental monitoring, which range from urban pollution
to security of industrial sites, from semiconductors processing to medicine and
agronomy. In general, spectroscopic methods based on direct absorption offer a
quantitative measurement of the absorption coefficient, which is the product of
the concentration and the (temperature dependent) integrated cross section of

@ 1990 American Chemical Society 125



