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Rotation in liquid 4He: Lessons from a highly simplified model
Kevin K. Lehmanna)

Department of Chemistry, Princeton University, Princeton, New Jersey 08544

~Received 5 September 2000; accepted 31 October 2000!

This paper presents an analysis of a model problem, consisting of two interacting rigid rings, for the
rotation of molecules in liquid4He. Due to Bose symmetry, the excitation of the rotor corresponding
to a ring of N helium atoms is restricted to states with integer multiples ofN quanta of angular
momentum. This minimal model shares many of the same features of the rotational spectra that have
been observed for molecules in nanodroplets of'103– 104 helium atoms. In particular, this model
predicts, for the first time, the very large enhancements of the centrifugal distortion constants that
have been observed experimentally. It also illustrates the different effects of increasing rotational
velocity by increases in the angular momentum quantum number or by increasing the rotational
constant of the molecular rotor. It is found that a fixed node, diffusion Monte Carlo and a
hydrodynamic model provide upper and lower bounds respectively on the size of the effective
rotational constant of the molecular rotor when coupled to the helium. ©2001 American Institute
of Physics. @DOI: 10.1063/1.1334620#
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I. INTRODUCTION

The spectroscopy of atoms and molecules dissolved
helium nanodroplets is a topic of intense current interest1–3

One particular, almost unique feature of this spectrosco
host is that even heavy and very anisotropic molecules
complexes give spectra with rotationally resolved structu4

This spectral structure typically corresponds to thermal eq
librium, with T'0.38 K, and has the same symmetry as t
of the species in the gas phase.5,6 The rotational constants
however, are generally reduced by a factor of up to 4 o
while the centrifugal distortion constants are four orders
magnitude larger than for the gas phase.7,6 These large
changes clearly reflect dynamical coupling between mole
lar rotation and helium motion. At present, there are at le
four different models proposed for the increased effect
moments of inertia, at least two of which have report
quantitative agreement with experiment.8–11 The large ob-
served distortion constants have not yet been quantitati
explained, and the most careful attempt to date to calcu
them ~for OCS in helium! gave an estimate'30 times
smaller than the experimental value.7

The highly quantum many body dynamics of this co
densed phase system has made it difficult to achieve a q
tative understanding of the observed effects. In cases
these, simple models can provide insight, especially if
lessons learned can be tested against more computatio
demanding simulations that seek, however, to provide a
principles treatment of the properties of the system of in
est. In this paper, one very simple model system will
explored that seeks to model the coupling of a molecu
rotor to a first solvation shell of helium. The existing mode
for the reduced rotational constants agree that most of
observed effect comes from motion of helium in the fi
solvation shell. Some of the qualitative features of this mo

a!Electronic mail: Lehmann@princeton.edu
4640021-9606/2001/114(10)/4643/6/$18.00
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were discussed previously,7 but quantitative details were no
pursued in that work.

The ‘‘toy’’ model considered consists of a planar rot
coupled to a symmetric planar ring ofN helium atoms. This
model problem can be solved exactly, and can reproduce
size of the observed reductions in the rotational constantand
the size of the centrifugal distortion constants. This is
first time, to the author’s knowledge, that the large effect
distortion constants of molecules in liquid helium have be
reproduced. Further, this model clearly resolves a confus
about thesign of the centrifugal distortion constant. Base
upon the expected decreased following of the helium w
increasing rotational angular velocity,12,13one can argue tha
the rotational spacing should increase faster than for a r
rotor, i.e., that the effective centrifugal distortion consta
should benegative, in conflict with experimental observa
tions. The present model demonstrates, however, that o
site behavior is expected when the rotational velocity of
rotor is increased by increasing the rotational quantum nu
ber ~where increased angular anisotropy and following of
helium are predicted! or when the rotational constant of th
isolated rotor is increased~where decreased angular aniso
ropy and following of the helium are predicted!. The present
model, therefore, rationalizes both the observed depend
of the increased moments of inertia on the rotational cons
of the isolated molecule and the observed centrifugal dis
tion constants.

II. THE TOY MODEL

We will consider a highly abstracted model for rotatio
of a molecule in liquid helium. The molecule will be treate
as a rigid, planar rotor with moment of inertiaI 1 . The ori-
entation of the molecule is given byu1 . The liquid helium is
treated as a ring ofN helium atoms that forms another rigid
planar rotor with moment of inertiaI 2 and with orientation
given byu2 . Because of the Bose symmetry of the heliu
3 © 2001 American Institute of Physics
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the helium rotor can only be excited to states withN\ units
of angular momentum. The lowest order symmetry allow
coupling between the molecule and the helium ring is giv
by a potentialV cos@N(u12u2)#. Any coupling spectral com-
ponents that are not multiples ofN will lead to mixing of
states that are not allowed by Bose symmetry, which is
bidden in quantum mechanics. The Hamiltonian is given

H52
\2

2I 1

]2

]u1
2

2
\2

2I 2

]2

]u2
2

1V cosN~u12u2!. ~1!

We defineB1,25\2/2I 1,2, the rotational constants for the un
coupled rotors. We can separate the aboveH by introducing
the two new coordinates

ū5
I 1u11I 2u2

I 11I 2
u5u12u2 , ~2!

in which we have

H5H r1Hv52
\2

2~ I 11I 2!

]2

]ū1
2

1F2
\2

2 S 1

I 1
1

1

I 2
D ]2

]u2
1V cos~Nu!G , ~3!

where ū is the variable conjugate to the total angular m
mentum; u is a vibrational coordinate. We defineBrigid

5\2/@2(I 11I 2)# and Brel5(\2/2) (@1/I 1# 1 @1/I 2#). The
eigenstates ofH separate into a product

c~ū,u!5eiJ ūcv~u!, ~4!

whereJ is the quantum number for total angular momentu
It would appear from the separableH that the energy could
be written as an uncoupled sum of a rigid rotor ener
Brigid J2 @not J(J11) because we have a planar rotor#, and a
‘‘vibrational’’ energy that is independent ofJ. However, the
energies arenot simply additive, due to the fact that th
boundary condition foru is J dependent. Whenu2 alone is
changed by any multiple of 2p/N, c must be unchanged
However, a change of22p/N in u2 results in a change o
2(2p/N)(I 2 /(I 11I 2)) in ū and 12p/N in u. Thus, the
Bose symmetry of the helium ring is satisfied by taking
the boundary condition forcv

cvS u1
2p

N D5expS 2p i

N

I 2

I 11I 2
JD cv~u!. ~5!

As a result, the ‘‘vibrational energies’’ and eigenfunctio
are a function of the total angular momentum quantum nu
ber,J. Note that the boundary condition is periodic inJ, with
period given byN(I 11I 2)/I 2 .

The J dependence of the boundary condition of the
brational function is rather unfamiliar in molecular physic
This dependence can be removed by a unitary transforma
of the wave function

cv8~u!5expS 2 i
I 2J

I 11I 2
u Dcv~u!. ~6!
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The boundary condition on the transformed function
c$rmv%8 (u1 @2p/N#)5c$rmv%8 (u). The transformed Hamil-
tonian,H8, is given by

H85
1

2I 1
~J2L !21

1

2I 2
L21V cos~Nu!, ~7!

whereJ5 i\ (]/]ū) is the operator for total angular momen
tum, andL5 i\ (]/]u) is the angular momentum of the he
lium ring relative to a frame moving with the rotor. Thi
form of the Hamiltonian closely resembles those widely us
in treatment of weakly bound complexes.14 Expansion of the
(J2L)2 gives a Coriolis term that couples the overall rot
tion to the vibrational motion, which makes the nonsepa
bility of these motions evident. This form, however, hid
the periodicity inJ of this coupling.

We will now consider the two limiting cases. The first
consider is that whereuVu@N2Brel . In this case, the potentia
can be considered harmonic aroundu52pk/N, (k
50, . . . ,N21) whenV is negative~and shifted byp/N for
V positive! with harmonic frequency n
5 (1/2p)A2N2uVu(@1/I 1# 1 @1/I 2#). The wave function will
decay to nearly zero at the maxima of the potential, a
changes in the phase of the periodic boundary condition
this point~which happens with changes inJ! will not signifi-
cantly affect the energy. In this limit, the total energy
E(J,v)5Brigid J21hn(v11/2), and we have a rigid roto
spectrum with effective moment of inertiaI 11I 2 . While
there areN equivalent minima, Bose symmetry assures t
only one linear combination of the states localized in ea
well ~the totally symmetric combination forJ50) is al-
lowed, and thus there are no small tunneling splittings, e
in the high barrier limit. The total angular momentum
partitioned between the two rotors in proportion to their m
ments of inertia, i.e.,̂ J1&5\J•I 1 /(I 11I 2) and ^J2&5\J
•I 2 /(I 11I 2).

We will now consider the opposite, or uncoupled roto
limit. The eigenenergies in this case are triviallyE(m1 ,m2)
5B1m1

21B2m2
2 with eigenfunctionsc5exp(im1u11im2u2).

m1 can be any integer, whilem25Nk, wherek is any inte-
ger. Introducing the total angular momentum quantum nu
ber J5m11m2 , we haveE(J,m2)5B1(J2m2)21B2 m2

2.
The lowest state for eachJ has quantum numbersm15J
2Nk and m25Nk, where k is the integer nearest to
B1J/N(B11B2). Treating the quantum numbers as contin
ous, we haveE5Brigid J2, e.g., the same as for rigid rota
tion of the rotors. However, when we restrictJ to integer
values, forJ<N(B11B2)/(2B1), the energy spacing will be
exactly that of a rigid rotor with rotational constantB1 . In
general, as a function ofJ, the uncoupled ground-state solu
tions follow the rigid rotor spectrum inB1 , but with a series
of equally spaced curve crossings when the lowest ene
m2 value increases byN as J is increased by 1 quantum
These crossings allow the total energy to oscillate aro
that predicted for a rigid rotor with moment of inertiaI 1

1I 2 .
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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III. NUMERICAL RESULTS

Having handled the limiting cases, we can now turn o
attention to the far more interesting question, which is: h
do the energy and eigenstate properties change asV is con-
tinuously varied between these limits? We note that cha
ing the sign ofV is equivalent to translation of the solutio
by Du5p, and thus we will only consider positive values
V explicitly. We also note that the eigenstates are
changed, and the eigenenergies scale linearly ifB1 , B2 , and
V are multiplied by a constant factor. As a result, we w
takeB251 to normalize the energy scale. The solutions
finite values ofV were calculated using the uncoupled ba
and the form ofH given in Eq.~1! with fixed values ofm1

1m25J andm25Nk. For each value ofJ, the matrix rep-
resentation forH is a tridiagonal matrix, with diagonal ele
ments given by the energies for the uncoupled limit, and w
off-diagonal elements given byV/2. Numerical calculations
were done using a finite basis withk5215,214, . . . ,15.

Using B15B2 andN58, we have calculated the lowe
eigenvalues ofH for J50,1,2 and used these, by fitting t
the expressionE(v,J)5E0(v)1Beff J22Deff J4, to deter-
mine Beff and Deff . Figure 1 shows the value ofBeff as a
function of V ~both in units ofB2). It can be seen thatBeff

varies smoothly fromB1 to Brigid with increasingV, and it
reaches a value halfway between these limits forV
'N2B2 .

In order to rationalize this observation, we will now co
sider a quantum hydrodynamic treatment for the rotatio15

Let the ground-state density ber(u)5ucv(u)u2. Now, let the
molecule classically rotate with angular velocityv. To first
order in v, r will not change~i.e., we will have adiabatic
following of the helium density for classical infinitesima
rotation of the molecule!. However, the vibrational wave
function,cv will no longer be real, but instead will have a
angle-dependent phase factor whose gradient will give a
drodynamic velocityv. Solving the equation of continuity

FIG. 1. Effective rotational constant for two coupled rotors as a function
the interaction potential strength.B15B251, and the second rotor can onl
be excited to states with multiples of 8 quanta. The upper curve gives tB
effective values calculated by a fixed node, diffusion Monte Carlo calc
tion. The error bars on these points are the estimated 2s sampling error. The
lower curve gives theB effective values calculated from the lowest thr
eigenvalues of the model Hamiltonian.
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du
~rv !52

dr

dt
5vr

dr

du
, ~8!

where r is the radius of the helium ring, gives solutions
the form

v~u!5vr •S 12
C

r~u! D , ~9!

whereC is an integration constant. We determineC by mini-
mizing the kinetic energy averaged overu. This gives

C5
2p

*0
2pr21du

, ~10!

and a kinetic energy

DEk5
1

2
I 2v2

•S 12
4p2

*0
2pr21 du

D . ~11!

In the case of a uniform density,r5(2p)21 and DEk50.
As the density gets more anisotropic, the integral becom
larger andDEk becomes larger, approaching the value
rigid rotation of the helium ring whenr has a node in its
angular range. We define the hydrodynamic contribution
the increase in the moment of inertia of the heavy rotor d
to partial rotation of the light rotor byDEk5

1
2DI hv

2. It is
interesting to note that for the above lowest energy value
C, we have*0

2pv(u)du50 ~i.e., that the solution is ‘‘irrota-
tional’’ ! and that the net angular momentum induced in
helium is DI hv. The lowest energy solution of the thre
dimensional quantum hydrodynamic model satisfies th
conditions as well.10,16

The hydrodynamic model can be tested against the e
quantum solutions. DefineDI eff as the effective moment o
inertia for rotation~as calculated fromBeff) minus the mo-
ment of inertia for the molecular rotor.DI eff will grow from
0 for uncoupled rotors toI 2 as the coupling approaches th
rigid coupling limit of highV. In the hydrodynamic model
DI eff5DI h . Figure 2 shows a plot that comparesDI eff and
DI h as a function ofV. Each has been normalized byI 2 .

f

-

FIG. 2. The lower curve gives the calculated increase in the effective
ment of inertia of molecule,DI eff , due to coupling to rotor made of 8
helium atoms. In this calculation,B115B251. DI hydro, the upper curve, is
the same quantity estimated by the hydrodynamic model. Both are ca
lated as a function of the potential coupling strength, and the results
malized to the rigid rotor moment of inertia of the helium rotor,I 2 .
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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They are found to be in qualitative agreement for the f
range ofV, though the exact quantum solution is systema
cally below the hydrodynamic prediction. We note, howev
that for the assumed parameters, the speed of the mole
rotor is equal to that of the helium rotor, while the hydrod
namic treatment assumed a classical, infinitesimal rotatio
the molecular rotor.

The size ofDI eff is determined by the degree of aniso
ropy of the ground-state density in the vibrational displa
ment coordinateu. If I 1 is decreased at fixedI 2 andV, the
effective mass foru, which is (I 1

211I 2
21)21 will also de-

crease, which will decrease the anisotropy produced byV.
Figure 3 shows how the normalizedDI eff andDI h vary as the
molecular rotational constant,B1 , changes from 0 to 2B2 .
This calculation was done forV5100, close to the value
corresponding to maximum difference ofDI eff and DI h for
B15B2 . This plot demonstrates that the hydrodynamic p
diction becomes exact in the limit thatB1→0, i.e., in the
case that the assumption of infinitesimal rotational veloc
of the molecule holds. However, it substantially overes
mates the increased effective moment of inertia whenB1

>B2 . This decrease in the increase moment of inertia w
increasing rotational constant of the heavy rotor is the ef
previously interpreted as the breakdown of adiabatic follo
ing in the literature on the rotational spectrum of molecu
in liquid helium.12,10,13

Figure 4 shows a plot ofDeff as a function ofV for B1

5B251. Deff is zero in both limits, and has a maximu
value near the value ofV at which Beff is changing most
rapidly. It is interesting to explicitly point out that thisDeff

value arises entirely from changes in the angular anisotr
of the helium density withJ, as the model does not allow fo
an increase in the radial distance of the helium, which
previously been considered.7 Further, the peak value ofDeff

'1.8•1023B1 is in remarkably good agreement with th
ratio of Deff to the gas-phase molecular rotational const
observed for a number of molecules in liquid helium. F
example, for OCS this ratio is found to be 2•1023,7 while
for HCCCN, the same ratio was found to be 1•1023.17

We can gain further insight by examining the rotation
energy systematically as a function ofJ. Figure 5 shows the

FIG. 3. Same as Fig. 2, except as a function of the rotational constant o
molecule, normalized to the rigid rotor moment of inertia of the heliu
rotor, I 2 •V5100 in this calculation.
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rotational excitation energy (E(0,J)2E(0,0)) divided byJ2

as a function ofJ. The calculations were done withV
5100. The rotational excitation energy approaches tha
the Brigid J2 for high J. Further, it reaches this value forJ
equal to multiples ofN(I 11I 2)/I 2 , which matches the peri
odicity of the boundary conditions forcv . J values that lead
to the same boundary conditions forcv will differ in energy
only by the eigenvalues ofH r , and thus it follows from Eq.
~2!, that of a rigid rotor with rotational constantBrigid . For
the first half of each period inJ, cv is found to increase in its
anisotropy, and therefore the energy increases, asJ is in-
creased~See Fig. 6!. This can be understood when one co
siders the fact that forJ5N(I 11I 2)/(2I 2), the boundary
condition is thatcv(2p/N)52cv(0), i.e., the wave func-
tion will be real but haveN nodes in the interval@0,2p#.

Classically, the molecular rotor is characterized by
rotational angular velocity,v52B1J. However, we see tha
the quantum treatment of the two coupled rotors gives op
site results whenv is increased by increasing eitherB1 or J.
For increases inB1 , the ‘‘degree of following’’ of the light

he
FIG. 4. The effective centrifugal distortion constant for a rigid rotor mo
ecule coupled to ring of 8 helium atoms as a function of the strength of
coupling,V. BothDeff andV are normalized to the rotational constants of t
molecule and that of the 8 helium rotor, which are taken as equal.

FIG. 5. The rotational excitation energy,DE, divided byJ2 as a function of
the total rotational angular momentum quantum number,J. Calculated with
B15B251, N58, and V5100. With rigid following of the helium, the
plotted quantity should equalBrigid , which is indicated in the figure.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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rotor decreases for fixed potential coupling, as seems i
itively reasonable. However, for increases inJ, the anisot-
ropy of the potential and thus the ‘‘degree of following
initially increases, and thus so does the effective momen
inertia of the coupled system. This behavior continues u
one passes through a resonance condition where the he
can be excited by transfer ofN quantum of angular momen
tum from molecular rotor to the helium. This resonance c
dition is missing from the classical treatment of the coupl
between the rotors, where the angular velocity of the m
lecular rotor is treated as a fixed quantity,v, which is one of
the parameters of the problem.

IV. NODAL PROPERTIES OF SOLUTIONS

It is possible to calculate the rotational excitation en
gies of clusters of helium around a molecule by use of
fixed frame diffusion Monte Carlo~FFDMC! method.12 As
in most DMC methods, this method should yield~except for
statistical fluctuations! an upper bound on the true energ
finding the optimal wave function consistent with the nod
properties that are imposed on the wave function by c
struction. In the case of FFDMC, the nodal planes are de
mined by the free rotor rotational wave function for the m
ecule alone, i.e., that the sign of the wave function~which is
taken to be real! for any point in configuration space is th
same as that of the rotor wave function at the same E
angles.

We can examine the exact solutions of our toy probl
to gain insight into the accuracy of the nodal planes assu
in FFDMC. The wave functions we have considered up
now are complex, but because of time reversal symmetry,
solutions withJ and 2J rotational quantum numbers mu
be degenerate. Symmetric combination of these solut
gives the real part ofJ solution, and the antisymmetric com
bination the imaginary part. The real part is given by

cJ
R~u1 ,u2!5cos~Ju1!Re~c8~u22u1!!

2sin~Ju2!Im~c8~u22u1!!, ~12!

where

FIG. 6. The absolute value of the vibrational wave function as a functio
the relative orientation between molecule and theN58 helium rotor. This
quantity is plotted for angular momentumJ50,1, . . . ,8, withJ50 having
the lowest anisotropy andJ58 the highest.
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c8~Du!5(
k

ck
J exp~ ikNDu!, ~13!

andck
J are the eigenvector coefficients obtained from diag

nalization of the real Hamiltonian matrix in the uncouple
basis. Examination of the numerical solutions reveals that
J,N, Re(c8) has no nodes, while Im(c8) has nodes atDu
equal to integer multiples ofp/N. Thus, if Im(c8)50, then
the solution would satisfy the FFDMC nodal properties e
actly. However, for finite Im(c8), the nodal surfaces, rathe
than being on the linesu15 constant, are modulatedN times
per cycle along theu15 constant line. ForV580 andB1

5B251, the maximum value of Im(c8) is about 4% of
Re(c8), and growing approximately linearly for lowJ.

In order to test the quantitative implications of this err
in the nodal properties, importance sampled DMC calcu
tions have been done for the present two-rotor problem.
explicit DMC algorithm given by Reynoldset al.18 was used
with a minor change.19 The guiding function,cT , which
determines the nodes, was selected as cos(Ju1)cv

0(u12u2),
where cv

0 is the real, positive definite eigenstate for theJ
50 problem. The rotational constant,BDMC , is defined as
the DMC estimated energy forJ51 less the exact ground
state eigenenergy forJ50, and will be~except for sampling
and finite time step bias! an upper bound on the trueB value
calculated earlier. The upper curve plotted in Fig. 1 gives
calculated values ofBDMC with the estimated 2s error esti-
mates. It is seen that the fixed node DMC estimates ofBeff

are excellent for low values ofV, but underestimate the con
tribution of the helium ring to the effective moment of inert
as it is coupled more strongly to the rotor.

V. RELATIONSHIP WITH A MORE REALISTIC MODEL

In a series of insightful lectures, Leggett analyzed t
properties of the ground state ofN helium atoms confined to
an annulus of radiusR and spacingd!R.15 The walls of the
annulus are allowed to classically rotate with angular vel
ity v. While not stated explicitly, the walls of the annulu
couple to the helium via a time dependent potential, which
static in the rotating frame. As such, our rotating diatom
molecule can be considered as a special case of the pro
treated by Leggett. If one transforms to the rotating fram
the quantum Hamiltonian is the same as for the staticv
50) problem. However, the boundary condition for th
wave function in this frame is given by Ref. 15, Eq.~2.10!

C08~u1 ,u2 , . . . ,u j12p, . . . ,uN!

5exp~2p imR2v/\!C08~u1 ,u2 , . . . ,u j , . . . ,uN!. ~14!

In making a comparison to the results of the toy model,
note that for this systemI 25NmR2 ~the classical moment o
inertia for the helium! and J5v(I 11I 2)/\. Substitution
shows that the phase factor in Eq.~14! is identical to that
derived above for Eq.~5!. Note, however, that Eq.~14! refers
to moving one helium atom by 2p, while Eq. ~5! refers to
motion of all N helium atoms by 2p/N. Motion of all N
helium atoms by 2p will result in a phase factor of
2p iNmR2v/\52p i I 2J/(I 11I 2) in both treatments.

f

t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Leggett considered the change in helium energy p
duced by rotation of the walls. LetE0 be the ground-state
energy for the static problem, andE08(v) the ground state
energy in the rotating frame. The ground-state energy in
laboratory frame is given by Ref. 15, Eq.~2.12!

Elab5E01 1
2 I 2v22@E08~v!2E0#. ~15!

For the ground state of bosons, we further have thatE08(v)
>E0 , with equality only whenv equals integer multiples o
v05\/mR2, since the nodeless state has the lowest poss
energy. At v5kv0 , the helium rigidly rotates with the
walls. This agrees exactly with the numerical results of
toy model, as shown in Fig. 5. In making comparisons w
this model, one should remember thatElab does not include
the kinetic energy of the walls~rotor!. Thus, the more gen
eral treatment of Leggett supports one of the central insig
of the toy model, that the large effective distortion consta
for molecular rotors in helium is a consequence of anin-
creasedhelium following of the rotor with increasing angu
lar velocity, which in turn is a direct consequence of thev
dependence of the single-valuedness boundary conditio
the rotating frame.

The moment of inertia for the ground state of the heliu
can be defined by

I 5S d2Elab

dv2 D
v→0

5I 22S d2E08~v!

dv2 D
v→0

. ~16!

Leggett defined the ‘‘normal fraction’’ of the helium by th
ratio I /I 2 , which is equal to unity ifE08(v) is independent of
v asv→0. This will occur if the wave function has ‘‘non
trivial’’ nodal planes, since the phase of the wave functi
can be changed discontinuously at a node without cos
energy. Nodal planes associated with overlap of partic
however, are ‘‘trivial’’ in that the phase relationship on ea
side of the node is determined by the exchange symmetr
the wave function, and thus cannot be used to match
boundary conditions without extra cost of energy. In our t
problem, whenV is very large, the vibrational wave functio
becomes localized, introducing near nodes at the maxim
the potential, and as a result the ground state is describe
a near unity normal fraction; we have what Leggett refers
as a ‘‘normal solid.’’ Conversely, as the uncoupled limit
approached, the helium ring does not contribute to the
netic energy of the lowest rotational states and we havI
→0, and we have zero normal fraction~i.e., the helium has
Downloaded 03 Apr 2001 to 128.112.83.42. Redistribution subjec
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unity superfluid fraction!. Following Leggett’s definition,
one finds that the normal fraction is given byDI eff /I 2 . Thus,
Fig. 2 can be interpreted as the normal fluid fraction for t
ground state as a function of the strength of the poten
coupling. Leggett’s analysis is based upon a classical tr
ment of the motion of the walls, which impliesI 1@I 2 , in
which limit the hydrodynamic model exactly predicts th
normal fluid fraction.

ACKNOWLEDGMENTS

This work was supported by the National Science Fo
dation and the Air Force Office of Scientific Research.

1J. P. Toennies and A. F. Vilesov, Annu. Rev. Phys. Chem.49, 1 ~1998!.
2S. Grebenev, M. Hartmann, M. Havenith, B. Sartakov, J. P. Toennies,
A. F. Vilesov, Physica B280, 65 ~2000!.

3K. K. Lehmann and G. Scoles, Science279, 2065~1998!.
4M. Hartmann, R. E. Miller, J. P. Toennies, and A. F. Vilesov, Scien
272, 1631~1996!.

5M. Hartmann, R. E. Miller, J. P. Toennies, and A. F. Vilesov, Phys. R
Lett. 95, 1566~1995!.

6C. Callegari, A. Conjusteau, I. Reinhard, K. K. Lehmann, and G. Sco
J. Chem. Phys.113, 10535~2000!.

7S. Grebenev, M. Hartmann, M. Havenith, B. Sartakov, J. P. Toennies,
A. F. Vilesov, J. Chem. Phys.112, 4485~2000!.

8S. Grebenev, J. P. Toennies, and A. F. Vilesov, Science279, 2083~1998!.
9Y. Kwon and K. B. Whaley, Phys. Rev. Lett.83, 4108~1999!.

10C. Callegari, A. Conjusteau, I. Reinhard, K. K. Lehmann, G. Scoles,
F. Dalfovo, Phys. Rev. Lett.83, 5058~1999!.

11E. B. Gordon and A. F. Shestakov, ‘‘The Cluster Approach to Descript
of Atoms and Molecules Isolated by Helium,’’ paper presented at the
Workshop on Quantum Fluid Clusters, Ringberg Schloss, June, 2000

12E. Lee, D. Farrelly, and K. B. Whaley, Phys. Rev. Lett.83, 3812~1999!.
13A. Conjusteau, C. Callegari, I. Reinhard, K. K. Lehmann, and G. Sco

J. Chem. Phys.113, 4840~2000!.
14J. M. Hutson, inAdvances in Molecular Vibrations and Collision Dynam

ics, edited by J. M. Bowman and M. A. Ratner~JAI, Greenwich, CT,
1991!, Vol. 1A, pp. 1–45.

15A. J. Leggett, Phys. Fenn.8, 125 ~1973!.
16C. Callegari, A. Conjusteau, I. Reinhard, K. K. Lehmann, G. Scoles,

F. Dalfovo, Phys. Rev. Lett.84, 1848~E! ~2000!.
17C. Callegari, I. Reinhard, K. K. Lehmann, G. Scoles, K. Nauta, and R

Miller, J. Chem. Phys.113, 4636~2000!.
18P. J. Reynolds, D. M. Ceperley, B. J. Alder, and J. William A Lester,

Chem. Phys.77, 5593~1982!.
19It was found that when walkers moved very close to a node, they bec

trapped, due to the large size of the attempted steps introduced by the
term combined with the ‘‘detailed balance’’ correction selection criter
When they also had large negative values of the local energy, th
trapped walkers then grew in weight, leading to unphysical large nega
values for the DMC estimate for the energy. This problem, which is p
of the finite time step bias, was eliminated by killing walkers that fail
the detail balance selection instead of keeping them at their prev
location.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp


