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Rotation in liquid “He: Lessons from a highly simplified model
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This paper presents an analysis of a model problem, consisting of two interacting rigid rings, for the
rotation of molecules in liquidHe. Due to Bose symmetry, the excitation of the rotor corresponding

to a ring of N helium atoms is restricted to states with integer multipleNajuanta of angular
momentum. This minimal model shares many of the same features of the rotational spectra that have
been observed for molecules in nanodroplets=df0°—10* helium atoms. In particular, this model
predicts, for the first time, the very large enhancements of the centrifugal distortion constants that
have been observed experimentally. It also illustrates the different effects of increasing rotational
velocity by increases in the angular momentum quantum number or by increasing the rotational
constant of the molecular rotor. It is found that a fixed node, diffusion Monte Carlo and a
hydrodynamic model provide upper and lower bounds respectively on the size of the effective
rotational constant of the molecular rotor when coupled to the helium20@1L American Institute

of Physics. [DOI: 10.1063/1.1334620

I. INTRODUCTION were discussed previousfyhut quantitative details were not
pursued in that work.

The spectroscopy of atoms and molecules dissolved in  The “toy” model considered consists of a planar rotor
helium nanodroplets is a topic of intense current intefet. coupled to a symmetric planar ring bfhelium atoms. This
One particular, almost unique feature of this spectroscopignodel problem can be solved exactly, and can reproduce the
host is that even heavy and very anisotropic molecules angize of the observed reductions in the rotational constadt
complexes give spectra with rotationally resolved structure.the size of the centrifugal distortion constants. This is the
This spectral structure typically corresponds to thermal equifirst time, to the author’s knowledge, that the large effective
librium, with T~0.38 K, and has the same symmetry as thadistortion constants of molecules in liquid helium have been
of the species in the gas phaseThe rotational constants, reproduced. Further, this model clearly resolves a confusion
however, are generally reduced by a factor of up to 4 or 5about thesign of the centrifugal distortion constant. Based
while the centrifugal distortion constants are four orders ofupon the expected decreased following of the helium with
magnitude larger than for the gas phaSeThese large increasing rotational angular velocity*3 one can argue that
changes clearly reflect dynamical coupling between molecuthe rotational spacing should increase faster than for a rigid
lar rotation and helium motion. At present, there are at leastotor, i.e., that the effective centrifugal distortion constant
four different models proposed for the increased effectiveshould benegative in conflict with experimental observa-
moments of inertia, at least two of which have reportedtions. The present model demonstrates, however, that oppo-
quantitative agreement with experimént' The large ob- site behavior is expected when the rotational velocity of the
served distortion constants have not yet been quantitativelyotor is increased by increasing the rotational quantum num-
explained, and the most careful attempt to date to calculateer (where increased angular anisotropy and following of the
them (for OCS in helium gave an estimate=30 times helium are predictedor when the rotational constant of the
smaller than the experimental val(e. isolated rotor is increase@vhere decreased angular anisot-

The highly quantum many body dynamics of this con-ropy and following of the helium are predictedhe present
densed phase system has made it difficult to achieve a qualnodel, therefore, rationalizes both the observed dependence
tative understanding of the observed effects. In cases likef the increased moments of inertia on the rotational constant
these, simple models can provide insight, especially if thef the isolated molecule and the observed centrifugal distor-
lessons learned can be tested against more computationatign constants.
demanding simulations that seek, however, to provide a first
principles treatment of the properties of the system of inter-
est. In this paper, one very simple model system will bell- THE TOY MODEL

explored that seeks to model the coupling of a molecular \ye will consider a highly abstracted model for rotation
rotor to a first solva’uo_n shell of helium. The existing modelsof a molecule in liquid helium. The molecule will be treated
for the reduced rotational constants agree that most of thgs o rigid, planar rotor with moment of inertig. The ori-

observed effect comes from motion of helium in the firstgniaiion of the molecule is given by . The liquid helium is
solvation shell. Some of the qualitative features of this mode} o 5ted as a ring dfl helium atoms that forms another rigid

planar rotor with moment of inertib, and with orientation
dElectronic mail: Lehmann@princeton.edu given by 6,. Because of the Bose symmetry of the helium,
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the helium rotor can only be excited to states with units

Kevin K. Lehmann

The boundary condition on the transformed function is

of angular momentum. The lowest order symmetry aIIowedip{’rmU}(eJr [27IN])= zﬁ{’,mv}(e). The transformed Hamil-
coupling between the molecule and the helium ring is givertonian,H’, is given by

by a potentialV cogN(6;—6,)]. Any coupling spectral com-
ponents that are not multiples &f will lead to mixing of
states that are not allowed by Bose symmetry, which is for

bidden in qguantum mechanics. The Hamiltonian is given by

+V cosN(6;—65).
2(903 v

D

We defineBLz:hZ/ZI 1.2, the rotational constants for the un-
coupled rotors. We can separate the abldviey introducing
the two new coordinates

in which we have
hz P
MM = S
A2(1 1)\
_7<E G)a_02+VCOE(N0)’ ()]

where 6 is the variable conjugate to the total angular mo-
mentum; ¢ is a vibrational coordinate. We definBgq
=h2[[2(1,+1,)] and B=(%2%2) ([(1/1,]+ [11,]). The
eigenstates ofl separate into a product

(6,0)=€%,(6), (4)

wherel is the quantum number for total angular momentum.

It would appear from the separalitethat the energy could
be written as an uncoupled sum of a rigid rotor energy
Brigia J2 [notJ(J+1) because we have a planar rdt@nd a
“vibrational” energy that is independent df However, the
energies arenot simply additive, due to the fact that the
boundary condition for is J dependent. Whem, alone is
changed by any multiple of 2/ N,  must be unchanged.
However, a change of 27/N in 6, results in a change of

—(2mIN)(1,/(11+15)) in 6 and +2x/N in 6. Thus, the

Bose symmetry of the helium ring is satisfied by taking as™:

the boundary condition foy,

2i

N

2
141,

21
by 0+W =ex J (5)

P(0).

As a result, the “vibrational energies” and eigenfunctions
are a function of the total angular momentum quantum num
ber,J. Note that the boundary condition is periodiclinwith
period given byN(l,+15)/15,.

The J dependence of the boundary condition of the vi-
brational function is rather unfamiliar in molecular physics.

) 1

! J—L)%+

H:E

L2+V cogN¥), (7)

whereJ=i# (d/d6) is the operator for total angular momen-
tum, andL=i% (d/30) is the angular momentum of the he-
lium ring relative to a frame moving with the rotor. This
form of the Hamiltonian closely resembles those widely used
in treatment of weakly bound complex¥<Expansion of the
(J—L)? gives a Coriolis term that couples the overall rota-
tion to the vibrational motion, which makes the nonsepara-
bility of these motions evident. This form, however, hides
the periodicity inJ of this coupling.

We will now consider the two limiting cases. The first to
consider is that wher/|>N?B,,. In this case, the potential
can be considered harmonic around=2wk/N, (k
=0,... N—1) whenV is negative(and shifted byr/N for
\% positive with harmonic frequency v
= (1/27)2N?|V|([1/1,] + [11,]). The wave function will
decay to nearly zero at the maxima of the potential, and
changes in the phase of the periodic boundary condition at
this point(which happens with changes Jpwill not signifi-
cantly affect the energy. In this limit, the total energy is
E(J,v) = Byigia J2+hv(v+1/2), and we have a rigid rotor
spectrum with effective moment of inertig+1,. While
there areN equivalent minima, Bose symmetry assures that
only one linear combination of the states localized in each
well (the totally symmetric combination fod=0) is al-

lowed, and thus there are no small tunneling splittings, even

in the high barrier limit. The total angular momentum is
partitioned between the two rotors in proportion to their mo-
ments of inertia, i.e.{J;)=AJ-1,/(1.+15) and (J,)=7%J

Ao l(11+15).

We will now consider the opposite, or uncoupled rotor,
limit. The eigenenergies in this case are trivigdlym, ,m,)
=B,m?+B,m3 with eigenfunctionsy=exp(m, 6;+im,6,).
can be any integer, whilm,=Nk, wherek is any inte-
ger. Introducing the total angular momentum quantum num-
ber J=m;+m,, we haveE(J,m,)=B;(J—m,)?+B,m3.
The lowest state for each has quantum numbens;=J
—Nk and m,=Nk, where k is the integer nearest to
B,J/N(B;+B,). Treating the quantum numbers as continu-
ous, we havekE = Bgq J2, e.g., the same as for rigid rota-
tion of the rotors. However, when we restrigtto integer
values, forJ=N(B;+B,)/(2B;), the energy spacing will be
exactly that of a rigid rotor with rotational constaBt. In
general, as a function o the uncoupled ground-state solu-
tions follow the rigid rotor spectrum iB,, but with a series

This dependence can be removed by a unitary transformatiosf equally spaced curve crossings when the lowest energy

of the wave function

,d
I+1,

lﬂ&(@):exp( i 0) h(0). (6)
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FIG. 1. Effective rotational constant for two coupled rotors as a function of |, 2. The lower curve gives the calculated increase in the effective mo-

the interaction potential strengtB; =B,=1, and the second rotor can only - ment of inertia of moleculeAl, due to coupling to rotor made of 8
be excited to states with multiples of 8 quanta. The upper curve giveB the pgjium atoms. In this calculatioB+1=B,= 1. Al 4, the upper curve, is
effective values calculated by a fixed node, diffusion Monte Carlo calculahe same quantity estimated by the hydrodynamic model. Both are calcu-

tion. The error bars on these points are the estimateganpling error. The  |ated as a function of the potential coupling strength, and the results nor-
lower curve gives thé effective values calculated from the lowest three sjized to the rigid rotor moment of inertia of the helium rotir

eigenvalues of the model Hamiltonian.

d 3 dp_ dp

wherer is the radius of the helium ring, gives solutions of

Having handled the limiting cases, we can now turn ourthe form
attention to the far more interesting question, which is: how
do the energy and eigenstate properties changé iascon- v(0)=owr- ( 1- W) 9)
tinuously varied between these limits? We note that chang- P
ing the sign ofV is equivalent to translation of the solution whereC is an integration constant. We determ@dy mini-
by A =, and thus we will only consider positive values of mizing the kinetic energy averaged owr This gives
V explicitly. We also note that the eigenstates are not
changed, and the eigenenergies scale lineaBy jfB,, and = 2—77
V are multiplied by a constant factor. As a result, we will J27p tde’
takeB,=1 to normalize the energy scale. The solutions for
finite values ofV were calculated using the uncoupled basis
and the form ofH given in Eq.(1) with fixed values ofm; 1 A
+m,=J andm,=Nk. For each value of, the matrix rep- AEK=§|2w2~ ( 1- W) (13)
resentation foH is a tridiagonal matrix, with diagonal ele- Jo"p 0
ments given by the energies for the uncoupled limit, and withn the case of a uniform density,=(27) ! and AE,=0.
off-diagonal elements given by/2. Numerical calculations As the density gets more anisotropic, the integral becomes
were done using a finite basis wik+ —15,—14, ...,15. larger andAE, becomes larger, approaching the value for
Using B;=B, andN=8, we have calculated the lowest rigid rotation of the helium ring whep has a node in its
eigenvalues oH for J=0,1,2 and used these, by fitting to angular range. We define the hydrodynamic contribution to
the expressiofE(v,J) =Eqy(v) +Bey J?— Doy J?, to deter-  the increase in the moment of inertia of the heavy rotor due
mine B¢ and Dog. Figure 1 shows the value @ as a  to partial rotation of the light rotor byAE,= Al 2. It is
function of V (both in units ofB,). It can be seen thd.s  interesting to note that for the above lowest energy value of
varies smoothly fronB; to B4y With increasingV, and it  C, we havef2™v(#)d#=0 (i.e., that the solution is “irrota-
reaches a value halfway between these limits fér tional”) and that the net angular momentum induced in the
~N2B,. helium is Al,w. The lowest energy solution of the three
In order to rationalize this observation, we will now con- dimensional quantum hydrodynamic model satisfies these
sider a quantum hydrodynamic treatment for the rotatton. conditions as welt®®
Let the ground-state density p¢6) =|,(6)|2. Now, let the The hydrodynamic model can be tested against the exact
molecule classically rotate with angular velocity To first  quantum solutions. DefinAl o as the effective moment of
order inw, p will not change(i.e., we will have adiabatic inertia for rotation(as calculated fronB.4) minus the mo-
following of the helium density for classical infinitesimal ment of inertia for the molecular rotoAl o will grow from
rotation of the molecule However, the vibrational wave O for uncoupled rotors td, as the coupling approaches the
function, ¢, will no longer be real, but instead will have an rigid coupling limit of highV. In the hydrodynamic model,
angle-dependent phase factor whose gradient will give a hyAl 4= Aly. Figure 2 shows a plot that comparas.; and
drodynamic velocity. Solving the equation of continuity ~ Al,, as a function ofV. Each has been normalized by.

®
IIl. NUMERICAL RESULTS

(10

and a kinetic energy
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FIG. 3. Same as Fig. 2, except as a function of the rotational constant of the ] ] ) ) o
m0|ecu|e’ normalized to the r|g|d rotor moment of inertia of the helium FIG. 4. The effective centrlfugal distortion constant for a rlgld rotor mol-
rotor, 1, - V=100 in this calculation. ecule coupled to ring of 8 helium atoms as a function of the strength of the

coupling,V. Both D andV are normalized to the rotational constants of the
molecule and that of the 8 helium rotor, which are taken as equal.

They are found to be in qualitative agreement for the full

range ofV, though the exact quantum solution is systemati-rotational excitation energyg(0,J) —E(0,0)) divided byJ?
cally below the hydrodynamic prediction. We note, however,as a function ofJ. The calculations were done witkf
that for the assumed parameters, the speed of the molecular;go. The rotational excitation energy approaches that of
rotor is equal to that of the helium rotor, while the hydrody- the Brigid J? for high J. Further, it reaches this value fdr
namic treatment assumed a classical, infinitesimal rotation aqual to multiples oN(I,+1,)/1,, which matches the peri-
the molecular rotor. odicity of the boundary conditions faf, . J values that lead

The size ofAl e is determined by the degree of anisot- to the same boundary conditions fgg will differ in energy
ropy of the ground-state density in the vibrational displace-omy by the eigenvalues df,, and thus it follows from Eq.
ment coordinated. If I, is decreased at fixek, andV, the  (2), that of a rigid rotor with rotational constaByq. For
effective mass forg, which is (1;*+1,%) " will also de-  the first half of each period id, i, is found to increase in its
crease, which will decrease the anisotropy produced/by anisotropy, and therefore the energy increases) &sin-
Figure 3 shows how the normalized oy andAl, vary as the  creasedSee Fig. 6. This can be understood when one con-
molecular rotational constanB,, changes from 0 to B,. siders the fact that fod=N(l;+1,)/(2l,), the boundary
This calculation was done fov=100, close to the value condition is thaty,(27w/N)=—,(0), i.e., the wave func-
corresponding to maximum difference M ¢ and Al for  tion will be real but haveN nodes in the intervgl0,2].
B1=B,. This plot demonstrates that the hydrodynamic pre-  Classically, the molecular rotor is characterized by its
diction becomes exact in the limit th&;,—0, i.e., in the rotational angular velocityp=2B,J. However, we see that
case that the assumption of infinitesimal rotational VeIOCitythe quantum treatment of the two Coup|ed rotors gives oppo-
of the molecule holds. However, it substantially overesti-sjte results whem is increased by increasing eith®g or J.

mates the increased effective moment of inertia wBgn  For increases if3;, the “degree of following” of the light
=B,. This decrease in the increase moment of inertia with

increasing rotational constant of the heavy rotor is the effect
previously interpreted as the breakdown of adiabatic follow-

ing in the literature on the rotational spectrum of molecules 0.80

in liquid helium?!21013 075
Figure 4 shows a plot dD as a function ofV for B;

=B,=1. D¢ is zero in both limits, and has a maximum 0.70

value near the value 0¥ at which Be is changing most 0.65

rapidly. It is interesting to explicitly point out that thi3 m o

value arises entirely from changes in the angular anisotropy
of the helium density witld, as the model does not allow for 0.55
an increase in the radial distance of the helium, which has,
. . (rigid) 0.50
previously been considerddzurther, the peak value @ .
~1.8-10 3B, is in remarkably good agreement with the 04— T+ T T
ratio of Doy to the gas-phase molecular rotational constant 0 20 40 o0 80 100
observed for a number of molecules in liquid helium. For
example, for OCS this ratio is found to be 3,7 while ) o o ) )
for HCCCN, the same ratio was found to betn 517 6. Tne ratona excaion snerhf. chided e 2 oo
We can gain further insight by examining the rotationalg —g,—1, N=8, andV=100. With rigid following of the helium, the
energy systematically as a function bfFigure 5 shows the plotted quantity should equ#liq, which is indicated in the figure.
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w(Ae):; ¢} exp(ikNA 6), (13

and cﬂ are the eigenvector coefficients obtained from diago-
nalization of the real Hamiltonian matrix in the uncoupled
basis. Examination of the numerical solutions reveals that for
J<N, Re(y') has no nodes, while Ing’) has nodes ah 6
equal to integer multiples o#/N. Thus, if Im(')=0, then

the solution would satisfy the FFDMC nodal properties ex-
actly. However, for finite Im¢{'), the nodal surfaces, rather
than being on the lined; = constant, are modulatedtimes

per cycle along thed;= constant line. FoW=80 andB;
=B,=1, the maximum value of Im{’') is about 4% of
FIG. 6. The absolute value of the vibrational wave function as a function ofR€()"), and growing approximately linearly for low

the relative orientation between molecule and Ke8 helium rotor. This In order to test the quantitative implications of this error
quantity is plqtted for angular mom_entu.ihto,l, ...,8, withJ=0 having in the nodal properties, importance sampled DMC calcula-
the lowest anisotropy andi=8 the highest. tions have been done for the present two-rotor problem. The
explicit DMC algorithm given by Reynoldst al!® was used

with a minor changé® The guiding function,+, which

rotor decreases for fixed potential coupling, as seems imLHetermines the nodes. was selected aSJGQ)S&S(Hl— 0,)
itively reasonable. However, for increasesJdnthe anisot- .0 o y° is the real, positive definite eigenstate for the

ropy of the potential and thus the “degree of following” _ problem. The rotational constarBoyc, is defined as
initially increases, and thus so does the effective moment af

S ) . ) the DMC estimated energy far=1 less the exact ground-
inertia of the coupled system. This behavior continues unt'gtate eigenenergy far=0, and will be(except for sampling

one passes through a resonance condition where the heliugrl]d finite time step biasn upper bound on the tr&value
can be excited by transfer &f quantum of angular momen- calculated earlier. The upper curve plotted in Fig. 1 gives the

tum from molecular rotor to the helium. This resonance con - lated values 0By With the estimated @ error esti-

dition is missing from the classical treatment of the couplingmates_ It is seen that the fixed node DMC estimateB gf
between the rotors, where the angular velocity of the M0y e eycellent for low values of, but underestimate the con-
lecular rotor is treated as a fixed quantiéy, which is one of i tion of the helium ring to the effective moment of inertia
the parameters of the problem. as it is coupled more strongly to the rotor.

[ w(®) |

IV. NODAL PROPERTIES OF SOLUTIONS
. _ _ o V. RELATIONSHIP WITH A MORE REALISTIC MODEL
It is possible to calculate the rotational excitation ener-

gies of clusters of helium around a molecule by use of the In a series of insightful lectures, Leggett analyzed the
fixed frame diffusion Monte CarlFFDMC) method'? As  properties of the ground state Nfhelium atoms confined to
in most DMC methods, this method should yi¢kcept for — an annulus of radiuR and spacingl<R.® The walls of the
statistical fluctuationsan upper bound on the true energy, annulus are allowed to classically rotate with angular veloc-
finding the optimal wave function consistent with the nodality . While not stated explicitly, the walls of the annulus
properties that are imposed on the wave function by coneouple to the helium via a time dependent potential, which is
struction. In the case of FFDMC, the nodal planes are detesstatic in the rotating frame. As such, our rotating diatomic
mined by the free rotor rotational wave function for the mol- molecule can be considered as a special case of the problem
ecule alone, i.e., that the sign of the wave functiahich is  treated by Leggett. If one transforms to the rotating frame,
taken to be realfor any point in configuration space is the the quantum Hamiltonian is the same as for the stadic (
same as that of the rotor wave function at the same Euler0) problem. However, the boundary condition for the
angles. wave function in this frame is given by Ref. 15, HG.10

We can examine the exact solutions of our toy problemy,,

Lo val B (01,05, ....0+2m, ... 0y

to gain insight into the accuracy of the nodal planes assume
in FFDMC. The wave functions we have considered up to :exp(zwimRZw/ﬁ)qf(’)( 01,02, ....0;,....0y). (14

now are complex, but because of time reversal symmetry, thle K . o th its of the t del
solutions withJ and —J rotational quantum numbers must N making a comparison fo the results ot the toy model, we

be degenerate. Symmetric combination of these solutiongOte that for this syste,=NmFR (the classical moment of

gives the real part ad solution, and the antisymmetric com- inertia for the heliuh and ‘]:.w(l 1t I?)/.ﬁ' Substitution
bination the imaginary part. The real part is given by shows that the phase factor in E4.4) is identical to that
derived above for Eq5). Note, however, that Eq14) refers

¥5(01,0,)=cogI0y)Re( ¢’ (6,— 61)) to moving one helium atom by, while Eq. (5) refers to
. , motion of all N helium atoms by z/N. Motion of all N
—Sin(J6z)Im(y’ (02~ 64)), 12 helium atoms by Z will result in a phase factor of
where 2mINMRw/h=2mil ,d/(1,+]1,) in both treatments.
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Leggett considered the change in helium energy prounity superfluid fraction Following Leggett’'s definition,
duced by rotation of the walls. L&, be the ground-state one finds that the normal fraction is given iy/1,. Thus,
energy for the static problem, arfe})(w) the ground state Fig. 2 can be interpreted as the normal fluid fraction for the
energy in the rotating frame. The ground-state energy in thground state as a function of the strength of the potential

laboratory frame is given by Ref. 15, E@®.12 coupling. Leggett's analysis is based upon a classical treat-
Lo , ment of the motion of the walls, which implidg>1,, in
Eiap=Eo+ 2120~ [Eg(w) ~Eo]. (19 which limit the hydrodynamic model exactly predicts the

For the ground state of bosons, we further have Hjgw)  Normal fluid fraction.

=E,, with equality only wherw equals integer multiples of

wo="h/mRZ, since the nodeless state has the lowest possibI’%CK'\'OW'-EDGMENTS
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