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Microcanonical thermodynamic properties of helium nanodroplets
Kevin K. Lehmanna)

Department of Chemistry, Princeton University, Princeton, New Jersey 08544

~Received 21 April 2003; accepted 12 May 2003!

The density of states and other thermodynamic functions of helium nanodroplets are calculated for
a microcanonical ensemble with both energy and total angular momentum treated as conserved
quantum numbers. These functions allow angular momentum conserving evaporative cooling
simulations. As part of this project, a recursion relationship is derived for the reduction to irreducible
representations of thenth symmetric power of the irreducible representations of the rotation group.
These give the distribution of total angular momentum states generated by putting multiple quanta
into a ripplon or phonon mode of the droplet, each of which is characterized by a angular
momentum quantum number. ©2003 American Institute of Physics.@DOI: 10.1063/1.1588991#
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I. INTRODUCTION

Spectroscopy of atoms and molecules dissolved in su
fluid helium nanodroplets has become a field of intense
tivity. Such nanodroplets rapidly cool by evaporation, rea
ing final temperatures of'0.37 K.1 There is a long history
of their formation and study by mass spectrosco
methods.2,3 Vibrational,1,4,5 electronic,6–8 and rotational9–11

transitions have been observed. Part of the interest in
field is that helium droplets provide a nearly ideal matrix12

for isolation of highly unstable compounds. Many nov
compounds and clusters have been synthesized and spe
scopically studied in this unique environment.13–17

There have been several previously reported calculat
of the evaporative cooling of helium nanodroplets,18,19 and
these have predicted a terminal temperature in exce
agreement with that latter observed experimentally.1 These
calculations, however, have not considered angular mom
tum conservation, which obviously imposes constraints
droplets cooling in a high-vacuum environment. In order
address the question of the possible trapping of angular
mentum in a cooling droplet, the author has undertake
new study of the evaporative cooling of the nanodroplets,
including angular momentum conservation, using meth
analogous to ‘‘phase space theory’’ calculations of unim
lecular dissociation.20 Necessary inputs to such calculatio
are the density of states and integrated density of state
helium nanodroplets, over the energy and angular mom
tum range sampled in the evaporative cooling trajectorie
nanodroplets.

The angular momentum resolved density of states of
lium nanodroplets is not available in literature. While t
calculation of this quantity is largely based upon straightf
ward extensions of standard convolution methods, ther
one particular point that was not. The distribution of angu
momentum states produced by excitation of an arbitr
number of quanta in a (2L11) degenerate vibrational sta
of angular momentum quantum numberL was required. This
distribution is provided by the reduction of thenth symmet-

a!Electronic mail: lehmann@princeton.edu
3330021-9606/2003/119(6)/3336/7/$20.00
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ric product of theLth irreducible representation of the grou
of transformations of a sphere,K. While the equivalent re-
duction for common molecular point groups is well known21

the present author could not locate the general result forK,
and has derived a recursion relationship that provides
needed reduction. This is presented in the present art
along with a derived asymptotic expression, which is of t
same form as the thermal distribution of a rigid spherical t

The density of both ripplon and phonon modes are c
sidered separately. In each case, the simple scaling of
excitation spectrum with droplet size~and thus, number of
helium atoms!, allows the density of states to be derived a
unique function of a reduced energy. These functions h
been fit to simple analytical expressions which provide
cellent approximations over the range of energy and ang
momentum of interest. In particular, it is found that the d
tribution of angular momentum quantum states is of the fo
of the thermal distribution of rotation for a rigid spheric
top, with a reduced energy dependent effective inverse ‘‘te
perature’’ that changes slowly with energy.

II. RIPPLON EXCITATIONS

The lowest-energy excitations of a pure droplet are r
plons, which are quantized capillary waves on the surface
the droplets. The properties of such waves on spherical d
are thoroughly described in the classic text on hydrodyna
ics by Lamb.22 Classically, each ripplon mode involves
modulation of the surface of the droplet, with

r ~u,f!5r 01(
L,M

Re~ALMYLM~u,w!eivLt!, ~1!

whereL>2 and

vL5AL~L21!~L12!v0 , ~2!

v05A s

mrR35A4ps

3mN
, ~3!

and s is the helium surface tension~approximated by the
bulk zero-temperature value of 0.363 mJ/m2), m is the
atomic mass of helium,r is the number density of helium
6 © 2003 American Institute of Physics
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~approximated by the bulk zero-temperature value
0.0218 Å23), andR5A3 3N/4pr 52.22N1/3 Å with N equal
to the number of helium atoms in the droplet. Given that
spectrum of ripplon modes is proportional to a common f
tor that contains the size dependence, the thermodyna
functions of the ripplon modes are universal functions o
reduced energy which has unit value equal toEr5\v0

53.77/ANkBK.
The integrated total state count,NE , and the total den-

sity of states,rE , can be calculated from the spectrum
ripplon mode frequencies using the Beyer–Swinehart di
count method.20 In addition to the spectrum, one needs t
degeneracy of a state withnL quanta in the ripplon mode
with quantum numberL. This is equal to the number o
distinct ways of puttingnL identical objects into 2L11 bins
and is equal tog(nL ,L)5 (nL12L)!/(2L)!nL!. 23 Define
NE(E,L) to be the integrated density of states calcula
using only ripplon modes with angular momentum quant
numbers less than or equal toL. We can recursively calculat
the total integrated density of states by using:

NE~E,L52!5(
n2

Q~E2\v2n2!g~n2,2!, ~4!

NE~E,L !5(
nL

N~E2\vLnL ,L21!g~nL ,L !, ~5!

where the unit step function is defined byQ(x)51(0) for x
greater or equal to~or less than! zero. In the Beyer–
Swinehart algorithm, Eqs.~4! and~5! are calculated using a
energy bin size,dE sufficiently small that eachvL /dE can
be approximated by an integer. A step size of 0.1 redu
energy unit was used in this work. The calculated values
NE andrE are plotted in Fig. 1. We have fitted the calculat
integrated density of states to the expression

NE5exp~aE4/71bE1/7!. ~6!
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Values ofa52.5118 andb523.4098 minimized the root-
mean-squared fractional error of Eq.~6! over the intervalE
550– 2500. Changing the step size to 0.01 reduced en
units in the calculation and refitting the integrated density
states gave values ofa52.5118 andb523.4110. The lead-
ing power of 4/7 can be derived by equating the hig
temperature limit of the microcanonical and canonical e
semble values of energy and entropy~which is proportional
to ln(rE) in the microcanonical case!. The power of 1/7 for
the correction term was selected based upon the slope,
log–log plot, ofNEE24/7 versusE. The expression forNE

given in Eq. ~6! agrees with the Beyer–Swinehart dire
count to within65% while NE increases by more than 8
orders of magnitude over the reduced energy range 50–2
Using standard expressions24 for the thermodynamic func-
tions of a microcanonical ensemble, we can derive the
lowing:

FIG. 1. Plot of the natural log of the integrated density of states and den
of states in reduced energy units. The integrated density is slightly hig
than the density of states.
rE~E!5S dNE

dE D5NE~E!@ 4
7 aE23/71 1

7 bE26/7#, ~7!

SE~E!5kB ln~rE~E!!

5kB@aE4/71bE1/71 ln~ 4
7 aE23/71 1

7 bE26/7!# ——→
E@1

kBaE4/7, ~8!

TE~E!5S dS

dED 21

5
1

kB

28aE10/717E

16a2E18abE4/7212aE3/71b2E1/726b
——→

E@1 1

kB

7

4a
E3/7, ~9!

CV5S dT

dED 21

5
kB~16a2E18abE4/7212aE2/726b!2

6~32a3E10/7132a2bE256a2E6/7110ab2E4/7248abE3/71b3E1/727b2!
——→

E@1

kB

a

4
E4/7. ~10!
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SE , TE , and CV are the microcanonical values of th
entropy, temperature, and heat capacity due to the dro
modes as a function of reduced ripplon energy. The d
sity of states, rE , can be compared with
0.311E25/7exp(2.49E4/7) derived by Brink and Stringari18

through the inverse Laplace transformation of the hig
temperature canonical partition function using the station
phase approximation.~Their reported results have been co
verted to the normalized roton energy units used in t
work.! It can be seen that the exponential dependence of
density of states is almost identical, but there is a slight
ference in the power of the energy dependence of the e
nential prefactor.

For isolated helium nanodroplets, angular momentum
well as energy, is a conserved quantity, and thus the pro
statistical ensemble is one that sums only over states of
same energy and total angular momentum. As a first ste
the calculation of the properties of this ensemble, we h
derived a regression expression that determinesNJ(J,nL ,L)
which is the number of states of total angular moment
quantum numberJ that are generated from placingnL quanta
in a ripplon mode with angular momentumL. One should
‘‘count’’ such that each ‘‘state’’ is an irreducible represent
tion with 2J11 values of the projection quantum numbe
This recursion expression and its derivation is given in
Appendix.

The individual values ofNJ(J,nL ,L) are quite irregular
and do not appear to derive from any simple express
However, the sum of states, of course, gives the simple
pression:

(
J

~2J11!NJ~J,nL ,L !5g~nL ,L !5
~n12L !!

~2L !!nL!
. ~11!

Also, the mean value of the squared angular momentum
been empirically found to be given by a simple expressio

^J~J11!&nL ,L5nL@L~L11!1 1
2 L~nL21!#. ~12!

If we ignored the Bose symmetry~i.e., treated the angula
momenta of different quanta in the same Ripplon mode
uncorrelated!, we would not have the last term on the righ
hand side. The Bose symmetry increases the mean squ
angular momentum because ripplon excitations have
greater probability of being in the same direction than if th
where distinguishable. This closed form expression can
used to sum a thermal distribution of ripplons as a funct
of inverse temperature in reduced energy units,b
5Er /kBT,

^J~J11!&5 (
nL ,L

^J~J11!&nL ,Lg~nL ,L !

3exp~2bnLAL~L21!~L12!!

5(
L

L~L11!F 2L11

ebAL(L21)(L12)21
G

3F11
1

2L~ebAL(L21)(L12)21!
G . ~13!
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If we neglect the correlations induced by the Bose symme
of the ripplon modes, we get the same aforementioned re
but with the last term on the right-hand side omitted.

In a previous paper, the present author used the unco
lated expression to calculate the root-mean-squared aver
angular ripplon angular momentum as a function of drop
size.25 Figure 2 shows a plot of the thermally averaged va
of J2 calculated both neglecting the Bose symmetry and
explicit thermal average over the present microcanonical
sults. It is seen that the exact calculation is modestly hig
than that for the uncorrelated prediction, but by a nea
constant factor of approximately 20%.

GivenNJ(J,nL ,L), theJ restricted state count and den
sity of states can be computed using a modification of
Beyer–Swinehart direct count. DefineNEJ(E,J,L) to be the
integrated density of states with total angular momentumJ,
but including excitation only in ripplon modes up to the a
gular momentum quantum numberL. The following recur-
sion relation is easily derived by using the triangle rule:

NEJ~E,J,L52!5(
n2

Q~E2\v2n2!NJ~J,n2,2!, ~14!

NEJ~E,J,L !5 (
nL ,J8

(
J95uJ2J8u

J1J8

NEJ~E2\vLnL ,J9,L21!

3NJ~J8,nJ ,L !. ~15!

For eachE, we need to iterate onL until \vL.E to get the
complete integrated density of states,NEJ(E,J), with total
angular momentumJ. We have explicitly calculatedNEJ(E)
for E<200 by this procedure. It was found that for ea

FIG. 2. Plot of the root-mean-squared total thermal angular momentum
ripplons ~in units of \! as a function of reduced temperature. The upp
curve is the exact state count. The lower curve is the result if the B
symmetry correlations of the ripplons is neglected,^L2&5(L(L11)
3^n(L,T)&, with ^n(L,T)& the mean thermal excitation quanta of a ripplo
with angular momentum quantum numberL. It can bee seen that the effec
of the Bose symmetry of the ripplon excitations increases the mean ang
momentum by about 20% over the uncorrelated result.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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E.50, NEJ(E,J) has a distribution that accurately fits th
functional form:

NEL~E,J!5NE~E!~2J11!AbL~E!3

p

3exp~2bL~E!~J11/2!2!, ~16!

which is the form of the thermal distribution of a spheric
rigid rotor. Figure 3 shows plots of the calculated distrib
tions compared to the fitted ‘‘thermal’’ form for several va
ues of the reduced energy.

Assuming this thermal distribution of states with diffe
ent rotational quantum numbers, the value ofbL(E) can be
calculated if we know the mean value of total angular m
mentum,^J(J11)&, over all states up to a given energy b
using ^J(J11)&53/2bL

21 . Using the relationship given in
Eq. ~12!, we have derived a recursion relationship to calc
late this quantity without having to explicitly enumerate
the states as a function ofJ. Let A(E) be the average of the
total angular momentum quantum numbers for all states
to reduced energyE, and A(E,L) the same quantity, bu
calculated only using ripplon modes with quantum numb
up to L. Since angular momentum in different modes a
uncorrelated, the total angular momentum is just the sum
angular momentum in each individual mode. It is straightf
ward to derive that

FIG. 3. Plot of normalized integrated density of states as function of t
angular momentum quantum number for three different values of the
duced energy,E550,100,200, which have maximum values increasing fr
the left to the right-hand side, respectively. Also plotted are the distribut
predicted by fits of these distributions to a thermal distribution of a spher
top @as given by Eq.~16!#.
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NE~E,L !A~E,L !5(
nL

g~nL ,L !NE~E2\vLnL ,L21!

3~A~E2\vLnL ,L21!

1nL@L~L11!1 1
2 L~nL21!# !. ~17!

The inverse ‘‘rotational temperature,’’bL(E), can be calcu-
lated by using the standard spherical top relationA(E)
53/(2bL(E)). Using this procedure,bL(E) has been calcu-
lated for E510– 2500. The values ofbL(E) are plotted in
Fig. 4 along with a fit through the points to a power law
energy:

bL~E!5cE28/71dE213/7, ~18!

with c50.8680 andd50.9639. A fit to thebL values calcu-
lated using an energy bin of 0.01 reduced units gavec
50.8679 andd50.9759. ThebL values from this fit are also
displayed in Fig. 4, but cannot be distinguished on the sc
of the plot. ThebL(E) calculated with Eq.~18! agrees with
the calculated values to within 0.1% forE5100– 2500 and
to within 1% for E550– 100. The reduction in accuracy i
this domain is because the calculated values ofbL(E) oscil-
late around the value predicted by Eq.~18!. The leading
power of 28/7 in bL(E) can be derived by equating th
high-temperature limit for the mean value of the total angu
momentum squared for the canonical and microcanonical
semble.

Using the standard relationships, we can calculate
thermodynamic quantities as a function of reduced ripp
energy and total angular momentum of the droplet as:

l
e-

s
al

FIG. 4. Plot ofbL(E) as function of reduced energy. The values ofbL were
calculated both by from the mean value of the squared total angular mom
tum, as calculated by the recursion relations@using Eq.~18!#. These two
values agree to better than the resolution of the plot.
rEJ~E,J!5S ]NE

]E D
J

5NEJF4

7
aE23/71

1

7
bE26/71S 3

2bL
2S J1

1

2D 2D S dbL

dE D G , ~19!

SEJ~E,J!5kb ln~rEJ!5kbFaE4/71bE1/71 ln~2J11!1
1

2
lnS bL

3

p D 2bLS J1
1

2D 2

1 lnF4

7
aE23/71

1

7
bE26/71S 3

2bL
2S J1

1

2D 2D S dbL

dE D G G , ~20!
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1

kbTEJ~E,J!
5

1

kb
S ]SSJ

]E D
J

5
4

7
aE23/71

1

7
bE26/71S 3

2bL
2S J1

1

2D 2D S dbL

dE D

1

2
12

49
aE210/72

6

49
bE213/71S 3

2bL
2S J1

1

2D 2D S d2bL

dE2 D2
3

2bL
2 S dbL

dE D 2

F4

7
aE23/71

1

7
bE26/71S 3

2bL
2S J1

1

2D 2D S dbL

dE D G . ~21!
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If we neglect 3/2bL
2 (dbL /dE)2 in Eq. ~21! ~which

'3.2E24/7 times smaller than the 12/49aE210/7 term that it
is added to!, then the equation forTEJ can be reduced in the
high-energy limit to

TEJ~E,J!5TE~E!10.48E29/7S 3

2bL
2S J1

1

2D 2D
1OS 3

2bL
2S J1

1

2D 2D 2

. ~22!

TEJ decreases monotonically withJ for fixed E. TEJ(E,0)
5TE(E)10.83E21/7, while for the root-mean-square valu
of J, TEJ(E,J)5TE(E). However, for J@1.2E6/7, TEJ

→1.01E15/7J22, values much belowTE(E) for the same
value ofE.

III. PHONON EXCITATIONS

Starting at a higher energy than the surface ripp
modes are phonon~compressional! excitations of the helium
droplets. These normal modes are characterized by
quantum numbers,n, L, wheren51,2, . . . is the number o
radial nodes andL is the angular momentum quantu
number. Each normal node can be characterized by a w
numberkn,L which is determined bykn,L5r n,L /R, where
r n,L is thenth root of the spherical bessel functionj L .26 For
kn,L!1 Å21 ~i.e., much smaller than the wave number o
roton!, the excitation angular frequency of each mode
given by vn,L5ukn,L , where u5236 m/s is the speed o
sound in helium.26 We define a reduced energyEp with an
energy unit equal to the excitation energy of the low
(n51,L50) phonon which is\up/R5h•534N21/3 GHz
525.5N21/3KkB .

We have calculated the density of states using sim
methods as for the ripplon density of states, using a bin
of 0.1 reduced energy units. The integrated density of st
was fit to the functional form

ln~NE!5aE3/41bE1/41 f . ~23!

The valuesa53.3306, b523.5941, andf 51.7786 repro-
duces the recursively calculated values ofNE to an accuracy
of better than60.09% whileNE varies by more than 130
orders of magnitude over the reduced energy intervalEp

525– 500.
We have assumed that the distribution of total angu

momentum states will again be well approximated by
spherical top thermal distribution expression~16!. Values of
Downloaded 13 Aug 2003 to 128.112.81.10. Redistribution subject to A
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bL(E) have been calculated using the recursion relations
for A(E), Eq. ~17!. These were found to be well approx
mated by the expression

bL~E!5cE25/41dE27/4. ~24!

Values ofc50.2545 andd50.2929 reproduce the calculate
values ofbL(E) to a fractional accuracy of better than 0.2
over the reduced energy intervalEp525– 500. Given these
expressions forNE(E) andbL(E), expressions for the vari
ous microcanonical thermodynamic quantities can be
rived, both with and without angular momentum constrain
analogous the expressions given herein for the ensemb
ripplon modes.

The same procedure can be used to calculate the de
of states without the restrictionkn,L!1 Å, if the values of
nn,m are calculated using the elementary excitation energ
liquid helium for wave numberkn,L . However, this no
longer results in a density of states that is a function only
a reduced energy,Ep , and thus would have to be indepe
dently calculated for each droplet size. This has not b
pursued in the present work.

IV. CONCLUSIONS

In this work, we have presented simple numerical p
cedures that allow the calculation of the density of states
both ripplon and phonon excitations of a helium nanodrop
as a function of both reduced energy and total angular m
mentum quantum numbers. It is found that these can be
approximated by simple analytical expressions. It has b
found that the distribution of rotational total angular mome
tum, for each energy, closely follows that of rigid spheric
top. The microcanonical expressions for the ripplon dens
of states has been used by the author and collaborato
statistical evaporative cooling calculations of both pure a
doped helium nanodroplets, conserving angular moment
That work will be presented in a future publication.
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APPENDIX: REDUCTION OF SYMMETRIC PRODUCTS
OF THE ROTATION GROUP

In order to compute the density of ripplon states a
function of both energy and total angular momentum qu
tum number, one needs to determine the distribution of st
of different angular momentum generated bynL quanta in
each ripplon mode with mode angular momentum quan
numberL. We use the fact that a set of states with a to
angular moment quantum numberL and with projectionM
52L,2L11...L is an irreducible representation of the r
tation group of the sphere,K ~or the double group of rota
tions is half integer angular momentum is allowed for!. Be-
low, when we speak of a ‘‘state’’ with a given total angul
momentum quantum number,J, it will be implicit we mean
a degenerate set of (2J11) eigenstates with the allowe
range of projection quantum numbers. For the states ge
ated by multiple excitations in different modes, the total a
gular momentum distribution is found by the reduction of t
direct product representation of the distributions in ea
mode. The reduction of a direct product representation
the sphere gives the well known triangle rule, i.e., produ
of states with quantum numbersJ1 and J2 give one state
each withJ5uJ12J2u,uJ12J2u11,...,J11J2 . The triangle
rule can be applied recursively to determine the total num
of states with each totalJ once we know the distribution o
number of states with eachJ quantum number for excitation
of nL quanta in a harmonic ripplon mode with angular m
mentum quantum numberL.

The distribution of states produced by a multiple exci
tion in a degenerate mode is not give by the direct produc
that mode with itselfnL times, but by the states given from
the reduction of the symmetricnL power product of that
mode. This is the meaning of the widely cited statement t
vibrational quanta are ‘‘Bosons.’’ For the point groups re
evant to the spectra of rigid molecules, the reduction of s
symmetric products can be found in a standard text on vib
tional spectroscopy.21 However, the author has not been ab
to locate equivalent expressions for the reduction of gen
symmetric powers of the rotation group. In this Append
we give a recursion relation that has been used to calcu
these up to high values ofL andnL .

Each state produced by the symmetric direct produc
nL quanta in mode with a total angular momentum quant
numberL can be represented by a set ofmi quantum num-
bers~integer or half integer depending uponL) such that

2L<m1<m2 . . . <mnL
<L. ~A1!

We will calculate a recursive relationship forNM(M ,nL ,L)
which is the number ofnLth power symmetric product state
of mode L such that the sum of the quantum numbersmi

equalsM . For nL51, NM(M ,1,L)51 if uM u<L and zero
otherwise. Note that if we restrictmnL

5L, then the total
number of such states that contribute toNM(M ,nL ,L) is
equal toNM(M2L,nL21,L). If mnL

5L21, then because
the rest of the quantum numbers are restricted to onlyL
values, the number of states that contribute toNM(M ,nL ,L)
is equal toNM(M2(L21)1(n21)/2,nL21,L21/2). The
last term in the first argument arises from the ‘‘shift’’ in th
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projection quantum number when mapping the sum over
2nL values to the symmetric direct product for a mode w
the angular momentum quantum numberL21/2. For the
general case ofmnL

5L2k, the number of such states con
tributing to NM(M ,nL ,L) is equal to NM(M2(L2k)
1k(nL21)/2,nL21,L2k/2). Taking these contributions
into account as well as that 0<k<2L and that
NM(M ,nL ,L)50 if uM u.nLL, we can write:

NM~M ,nL ,L !5 (
k5kmin

kmax

NM~M2L

1k~nL11!/2,nL21,L2k/2!, ~A2!

wherekmin is the maximum value of 0 and2M12L2nLL
and kmax is the minimum value of 2L and L2(M /nL). We
can then calculateNJ(J,nL ,L), the number of states with a
total angular momentum quantum numberJ by
NJ(J,nL ,L)5NM(J,nL ,L)2NM(J11,nL ,L), as is done in
many introductory quantum texts when calculating the ter
produced by a given atomic configuration. It is appare
since all terms in Eq.~A2! shift in their first argument by one
when the first argument on the left-hand side shifted by o
that exactly the same recursion relationship can be applie
directly calculate theNJ(J,nL ,L) values. However, in
such a calculation, one must replacesNJ(2J,nL ,L) by
2NJ(J21,nL ,L) andNJ(21/2,nL ,L)50 when these nega
tive argument values arise in the recursion. Also, the rec
sion is started by usingNJ(J,1,L)5d(J,L). It is also easily
demonstrated thatNJ(J,2,L)5(1/2)(11(21)J12L) for J
<2L ~the factor of 2L is included to make the result corre
even in the case of half-integer quantum numbers!. Note that
it is possible to calculate each successive value ofnL by
replacement in a single stored two-dimensional matrix
looping down from the highestL value.

The calculation of theNJ(J,nL ,L) values becomes quite
memory demanding for large values ofnL ,L. This is in part
because they must be generated with increasing value
nL , but must be used in the calculation of the density
states in order of increasingL, thus requiring a three-
dimensional matrix with'1/2(nmaxLmax)

2 elements, where
nmax and Lmax are the highest values ofnL and L needed.
However, it has been found that for largenL and L values,
the distribution ofNJ(J,nL ,L) approaches that of a rota
tional distribution of a spherical top, i.e.,

NJ~J,nL ,L !'g~nL ,L !~2J11!Ab~nL ,L !3

p

3exp~2b~nL ,L !~J11/2!2!, ~A3!

where g(nL ,L)5 (nL12L)!/(2L)!nL! is the total number
of states~including the 2J11 degeneracies! generated with
J50 . . .nLL. This functional form can be justified when it i
recognized that the central limit theorem23 suggests that
NM(M ,nL ,L) should approach a Gaussian distribution inM
for largenL values and thatNJ(J,nL ,L) is the derivative of
NM(J,nL ,L) in that limit. We can determine the dependen
of b(nL ,L) by equating the ‘‘thermal average’’ value o
J(J11) to the exact expression, Eq.~12!, which gives
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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b~nL ,L !5
3

2nL@L~L11!1 1
2 L~nL21!#

. ~A4!

For nL514 andL>10, the maximum error in this approx
mation toNJ(J,nL ,L) is less than 5% of the peak value fo
eachL.
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