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Microcanonical thermodynamic properties of helium nanodroplets
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Department of Chemistry, Princeton University, Princeton, New Jersey 08544
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The density of states and other thermodynamic functions of helium nanodroplets are calculated for
a microcanonical ensemble with both energy and total angular momentum treated as conserved
guantum numbers. These functions allow angular momentum conserving evaporative cooling
simulations. As part of this project, a recursion relationship is derived for the reduction to irreducible
representations of theth symmetric power of the irreducible representations of the rotation group.
These give the distribution of total angular momentum states generated by putting multiple quanta
into a ripplon or phonon mode of the droplet, each of which is characterized by a angular
momentum quantum number. @003 American Institute of Physic§DOI: 10.1063/1.1588991

I. INTRODUCTION ric product of thel_th irreducible representation of the group

S ¢ d molecules dissolved i of transformations of a spherk,. While the equivalent re-
pectroscopy of atoms and molecules dissolved in SUPef,, o for common molecular point groups is well knofin,

f!u_|d helium nanodroplets hgs become a field of .|ntense A%he present author could not locate the general resulKfor
F'V'tyi Such nanodroplets rapidly EOOI by ?‘Vapora“f’”: reaCh'and has derived a recursion relationship that provides the
ng fmgl temperqtures 0#0.37 K" There is a long history . needed reduction. This is presented in the present article,
of their 3for_mat|_on fﬂds study .bg/_gmass Sp'_aCtrosﬁOp'calong with a derived asymptotic expression, which is of the
meth_o_dsz.' Vibrational,>" electronic,”* and ro'@honé’l’_ same form as the thermal distribution of a rigid spherical top.
transitions have been observed. Part of the interest in this .o density of both ripplon and phonon modes are con-
fieId_ s th_at he““”.‘ droplets provide a nearly ideal méffix sidered separately. In each case, the simple scaling of the
for isolation of highly unstable compounds_. Many novel excitation spectrum with droplet sizeand thus, number of
compounds an_d clgsters haye been _synthes%;ad and spectipgiym atomg allows the density of states to be derived as a
scopically studied in this unique environment. unigue function of a reduced energy. These functions have
Been fit to simple analytical expressions which provide ex-
) i i cellent approximations over the range of energy and angular
these have predicted a terminal temperature in excellenf,;onim of interest. In particular, it is found that the dis-

aglreelm_ent W;;[h that Ia:]ter observed _pre(rjlmenﬂalmwese tribution of angular momentum quantum states is of the form
calculations, however, have not considered angular MOMENst o thermal distribution of rotation for a rigid spherical

tum conservation, which obviously imposes constraints Orfop
droplets cooling in a high-vacuum environment. In order to__ .
address the question of the possible trapping of angular mo-
mentum in a cooling droplet, the author has undertaken a
new study of the evaporative cooling of the nanodroplets, but- RIPPLON EXCITATIONS

including angular momentum conservation, using methods  The |owest-energy excitations of a pure droplet are rip-
analogous to “phase space theory” calculations of unimoyjons; which are quantized capillary waves on the surface of
lecular dissociatioR? Necessary inputs to such calculations the droplets. The properties of such waves on spherical drops
are the density of states and integrated density of states @fe thoroughly described in the classic text on hydrodynam-
helium nanodroplets, over the energy and angular momengg by Lamb?® Classically, each ripplon mode involves a

tum range sampled in the evaporative cooling trajectories ofnodulation of the surface of the droplet, with
nanodroplets.

The angular momentum resolved density of states of he- | 0.b)=rat REA Y (0 o)e Lt 1
lium nanodroplets is not available in literature. While the (6.4)=ro Lzl\;l LA Yiu(6.¢) ) W
calculation of this quantity is largely based upon straightfor-

. . whereL=2 and
ward extensions of standard convolution methods, there is

of the evaporative cooling of helium nanodropl&ts? and

with a reduced energy dependent effective inverse “tem-
erature” that changes slowly with energy.

one particular point that was not. The distribution of angular o =VJL(L—1)(L+2)wq, 2
momentum states produced by excitation of an arbitrary

number of quanta in a (2+ 1) degenerate vibrational state o= [ o _ /477_0 3
of angular momentum quantum numhewas required. This 0 mpR® 3mN’

distribution is provided by the reduction of tieh symmet- 504  is the helium surface tensiofapproximated by the

bulk zero-temperature value of 0.363m3)mm is the
dElectronic mail: lehmann@princeton.edu atomic mass of heliump is the number density of helium
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(approximated by the bulk zero-temperature value of 250 ———————
0.0218 A3), andR=3/3N/4mp = 2.22N*® A with N equal ‘ ]
to the number of helium atoms in the droplet. Given that the 200 - /
spectrum of ripplon modes is proportional to a common fac-—y i / ]
tor that contains the size dependence, the thermodynami?E 150 |
functions of the ripplon modes are universal functions of a - i /
reduced energy which has unit value equal Bp=%wg 3”‘ 100
=3.77NNkgK. = _

The integrated total state coumMg, and the total den- 50 |
sity of states,pg, can be calculated from the spectrum of I
ripplon mode frequencies using the Beyer—Swinehart direct 00‘ — ‘5(')0‘ — ‘10‘00‘ T Tis00 2000 2500
count method? In addition to the spectrum, one needs the Reduced Energy

degeneracy of a state with, quanta in the ripplon mode

with quantum numbet. This is equal to the number of FIG. 1. Plot of the natural log of the integrated density of states and density

distinct ways of puttingy, identical objects into R+ 1 bins of states in reduced energy units. The integrated density is slightly higher
. L 23 . than the density of states.

and is equal tog(n,,L)= (n_+2L)!/(2L)!n !.“® Define

Ne(E,L) to be the integrated density of states calculated

using only ripplon modes with angular momentum quantum

numbers less than or equallto We can recursively calculate

the tota| integrated density Of states by using: Values Ofa:25118 aan= _34098 minimized' the root-
mean-squared fractional error of E®) over the intervak
Ne(E L=2):2 O (E—fwony)g(ny2) (4) =50-2500. Changing the step size to 0.01 reduced energy
S n 2SR units in the calculation and refitting the integrated density of

states gave values af=2.5118 andb= —3.4110. The lead-
Ne(E,L)=> N(E—#Aw.n,,L—1)g(n,,L), (5) ing power of 4/7 can be derived by equating the high-
n temperature limit of the microcanonical and canonical en-
where the unit step function is defined By(x)=1(0) forx ~ Semble values of energy and entropyhich is proportional
greater or equal tolor less thap zero. In the Beyer— © In(og) m_the microcanonical caseThe power of 1/7 for
Swinehart algorithm, Eq€4) and(5) are calculated using an the correction term Wa/s selected based upon the slope, on a
energy bin sizedE sufficiently small that eacw, /SE can  109-log plot, Of NgE ™7 versusk. The expression foNg
be approximated by an integer. A step size of 0.1 reduce@iven in Ed. (6) agrees with the Beyer—Swinehart direct
energy unit was used in this work. The calculated values ofount to within=5% while N increases by more than 83
Ng andpg are plotted in Fig. 1. We have fitted the calculategorders of magnitude over the reduced energy range 50-2500.

integrated density of states to the expression Qsing standgrd expre;si&ﬁs‘or the thermodynamic func-
tions of a microcanonical ensemble, we can derive the fol-
Neg=expaE¥"+bEY"). (6)  lowing:
|
dNg B B
pE<E>=(@):NE(E>[;—‘aE ¥+ FbE-O, )

Se(E)=kg In(pe(E))

E>1
=kg[aEY"+bEY"+In($aE~¥"+ 1bE®")] —— kgaE"", ®

das) !
TE(E):(d_E)

1 28aE'"+7E B>l 1 7 £37 9
" kg 16a’E+8abEY"—12aE¥"+ b’EY"—6b kg da ©

dT) -1 kg(16a’E +8abE""—12aE?"—6b)? Bt

a
- — A
Cv ( dE)  6(32a°E'"+32a’bE—56a°E""+ 10ab’E*"~ 48abE¥ "+ b EY"- 7h?) Keg BT (10
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Se, Tg, and C, are the microcanonical values of the g 120
entropy, temperature, and heat capacity due to the droplet‘qc‘)
modes as a function of reduced ripplon energy. The den- £ 100 e
sity of states, pg, can be compared with § / P
0.311FE ¥"exp(2.4€*") derived by Brink and Stringaft 5 80 <
through the inverse Laplace transformation of the high- g /
. o . . . 60
temperature canonical partition function using the stationary & /
phase approximatiofTheir reported results have been con- S 40
verted to the normalized roton energy units used in this ‘_ca}__ /
work.) It can be seen that the exponential dependence of the g 20
density of states is almost identical, but there is a slight dif- v
ference in the power of the energy dependence of the expo—g % 5 10 15 20
nential prefactor. Reduced Ripplon Temperature

For isolated helium nanodroplets, angular momentum, as
well as energy, is a conserved quantity, and thus the propé:_HG- 2. Elot of_ the root—mean—sqqared total thermal angular momentum in
statisical ensemble is one that sums only over states of rEPO" ( unts o) ss s uncon ofrecuced temperaure, The uoper
same energy and total angular momentum. As a first step i§mmetry correlations of the ripplons is neglected,2)=SL(L+1)
the calculation of the properties of this ensemble, we havex(n(L,T)), with {(n(L,T)) the mean thermal excitation quanta of a ripplon
derived a regression expression that determiigg,n, ,L) with angular momentum quantum numllferlt_ can_bee seen that the effect
which is the number of states of total angular momenturﬁ)f the Bose symmetry of the ripplon excitations increases the mean angular
. momentum by about 20% over the uncorrelated result.
guantum numbelj that are generated from placing quanta
in a ripplon mode with angular momentum One should
“count” such that each “state” is an irreducible representa-
tion with 2J+1 values of the projection quantum number.
This recursion expression and its derivation is given in thdf we neglect the correlations induced by the Bose symmetry
Appendix. of the ripplon modes, we get the same aforementioned result
The individual values oN;(J,n,,L) are quite irregular  but with the last term on the right-hand side omitted.
and do not appear to derive from any simple expression. In a previous paper, the present author used the uncorre-
However, the sum of states, of course, gives the simple eXated expression to calculate the root-mean-squared averaged

pression: angular ripplon angular momentum as a function of droplet
| size? Figure 2 shows a plot of the thermally averaged value
E 23+ 1)N L)= L)= (n+2L)! of J? calculated both neglecting the Bose symmetry and by
( ‘]+ ) J(‘JanLy ) g(nLv ) | 1" ( . . .
J (2L)!n.! explicit thermal average over the present microcanonical re-

sults. It is seen that the exact calculation is modestly higher

Also, the mean value of the sq.uared angqlar momentu”_‘ h"’lﬁan that for the uncorrelated prediction, but by a nearly
been empirically found to be given by a simple eXPression: .o «tant factor of approximately 20%.

GivenN;(J,n_,L), theJ restricted state count and den-
sity of states can be computed using a modification of the
Beyer—Swinehart direct count. Defitg ;(E,J,L) to be the

If we ignored the Bose symmetry.e., treated the angular X i
momenta of different quanta in the same Ripplon mode aintegrated density of states with total angular momengym

uncorrelatet] we would not have the last term on the right- PUt including excitation only in ripplon modes up to the an-
hand side. The Bose symmetry increases the mean squar@lar momentum quantum number The following recur-
angular momentum because ripplon excitations have &°N relation is easily derived by using the triangle rule:
greater probability of being in the same direction than if they

where distinguishable. This closed form expression can be

used to sum a thermal distribution of ripplons as a function NEJ(E,J,LZZ):E O(E—fwyny)Ny(3,n,,2), (14

of inverse temperature in reduced energy uniis, nz

(IQ+1))n L=nL(L+1)+ sL(n —1)]. (12

:Er/kBT,
J+J’
<J(J+1)>:n|_2L <J(J+1)>nL,Lg(nLaL) NEJ(E,\],L): 2 2 NEJ(E_fLwLnL,JH,L_l)
’ n 3 3=]3-0]
Xexp(—pBn YyL(L—1)(L+2)) XNy(3'.05,L). (15)
S L) 2L+1 l
L AT+ g For eachE, we need to iterate oh until 7w >E to get the

complete integrated density of statd;;(E,J), with total
_ (13 angular momentund. We have explicitly calculateNg;(E)
for E<200 by this procedure. It was found that for each

1
P Ry
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FIG. 3. Plot of normalized integrated density of states as function of totaIFIG' 4. Plot ofp, (E) as function of reduced energy. The valuegipfwere

angular momentum quantum number for three different values of the regalculated both by from the mean _value of.the _squared total angular momen-
duced energykE=50,100,200, which have maximum values increasing from tum, as calculated by the recursion rglatlc[usmg Eq.(18)]. These two
the left to the right-hand side, respectively. Also plotted are the distributionsvalues agree to better than the resolution of the plot.

predicted by fits of these distributions to a thermal distribution of a spherical

top [as given by Eq(16)] Ne(E,L)A(E,L)= nZ g(n. ,LNe(E—fiw n, ,L—1)
L
E>50, Ng,(E,J) has a distribution that accurately fits the X(A(E-=fhown ,L—-1)
functional form:
AGE +n[L(L+1)+ sL(n,—1)]). (17
Ng (E,J)=Ng(E)(2J+1) - The inverse “rotational temperatureg, (E), can be calcu-
™ lated by using the standard spherical top relatid(E)
X exp(— BL(E)(J+1/2)?), (16) =3/(2B.(E)). Using this procedured, (E) has been calcu-

lated for E=10-2500. The values g8, (E) are plotted in

. o . Fig. 4 along with a fit th h th ints t law i
which is the form of the thermal distribution of a spherical g g "t through the points fo & power faw in

rigid rotor. Figure 3 shows plots of the calculated distribu- ery: . s
tions compared to the fitted “thermal” form for several val- BL(E)=cE "'+dE ' (18)
ues of the reduced energy. with ¢=0.8680 andd=0.9639. A fit to theB, values calcu-
Assuming this thermal distribution of states with differ- lated using an energy bin of 0.01 reduced units gave
ent rotational quantum numbers, the valug@fE) can be =0.8679 andl=0.9759. TheB, values from this fit are also
calculated if we know the mean value of total angular mo-displayed in Fig. 4, but cannot be distinguished on the scale
mentum,(J(J+ 1)), over all states up to a given energy by of the plot. TheB (E) calculated with Eq(18) agrees with
using(J(J+1)>=3/2ﬂ[l. Using the relationship given in the calculated values to within 0.1% f&=100—2500 and
Eqg. (12), we have derived a recursion relationship to calcu-to within 1% for E=50-100. The reduction in accuracy in
late this quantity without having to explicitly enumerate all this domain is because the calculated valueg dfE) oscil-
the states as a function df Let A(E) be the average of the late around the value predicted by Ed.8). The leading
total angular momentum quantum numbers for all states upower of —8/7 in B (E) can be derived by equating the
to reduced energ¥, and A(E,L) the same quantity, but high-temperature limit for the mean value of the total angular
calculated only using ripplon modes with quantum numbergnomentum squared for the canonical and microcanonical en-
up to L. Since angular momentum in different modes aresemble.
uncorrelated, the total angular momentum is just the sum of Using the standard relationships, we can calculate the
angular momentum in each individual mode. It is straightfor-thermodynamic quantities as a function of reduced ripplon
ward to derive that energy and total angular momentum of the droplet as:

_[Ng) 4 01 . [3 1\2\/dB.
PEJ<E'J>—(E);NEJ Py Ea T I (19
417 1/7 1 ’BE 1 ?
SEJ(E,J):kbln(pEJ):kb aE"'+bE +|n(2\]+1)+§|n ? _BL J+§
4 1 3 1\2\/dB.
T E-37, T 67 _ Z =
+1In 7aE +7bE + 25 (J+2) )(dE)H' (20
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3 1\2\[dB,
z—ﬁ:(”z) )(d—E)

1
I+3

1 1(dSs) 4

1
— — -3/7 —6/7

— = —| == += +

KoTes(E,d) Kol JE aE "+ 7bE

12

2 2 2
__6“;10/7_Ebglslbr = 4B} 3 [dBL
49 49 28, dE* | 2p87\ dE

1973 ]

If we neglect 3/82(dB /dE)?> in Eq. (21) (which B, (E) have been calculated using the recursion relationship
~3.2E~ %" times smaller than the 12/4& %7 term that it  for A(E), Eq. (17). These were found to be well approxi-
is added t@ then the equation foF; can be reduced in the mated by the expression

high-energy limit to

. (21)

4 1
_ 73/7+_ 76/74_
7aE 7bE

3 1\2 BL(E)=cE ¥*+dE " (24)
TEJ(E,J)=TE(E)+0.4859’7(2—— J+ 5) )

B Values ofc=0.2545 andd=0.2929 reproduce the calculated
2) 2 values ofB, (E) to a fractional accuracy of better than 0.2%

1
I+ =

+0 >

28, (22)  over the reduced energy interve,=25-500. Given these
expressions foNg(E) and 8, (E), expressions for the vari-
Tg; decreases monotonically with for fixed E. Tg;(E,0) ous microcanonical thermodynamic quantities can be de-
=Tg(E)+ 0.8 Y7 while for the root-mean-square value rived, both with and without angular momentum constraints,
of J, Tgy(E,J)=Tg(E). However, for J>1.2E%7, Tz;  analogous the expressions given herein for the ensemble of
—1.01E™7372, values much belowTg(E) for the same ripplon modes.
value of E. The same procedure can be used to calculate the density
of states without the restrictiok, | <1 A, if the values of
vnm are calculated using the elementary excitation energy of
Ill. PHONON EXCITATIONS liquid helium _for wave numberk, | . ngever, 'Fhis no
longer results in a density of states that is a function only of
Starting at a higher energy than the surface ripplord reduced energy,, and thus would have to be indepen-
modes are phonoftompressionalexcitations of the helium dently calculated for each droplet size. This has not been
droplets. These normal modes are characterized by twbBursued in the present work.
guantum numbersy, L, wheren=1,2,... is the number of
radial nodes and. is the angular momentum quantum
number. Each normal node can be characterized by a way§ concCLUSIONS
numberk, | which is determined by, =r,, /R, where
r»L is thenth root of the spherical bessel functipn.?® For In this work, we have presented simple numerical pro-
Kno <1 A1 (i.e., much smaller than the wave number of acedures that allow the calculation of the density of states of
rotor), the excitation angular frequency of each mode isboth ripplon and phonon excitations of a helium nanodroplet
given by w, | =uk, , whereu=236 m/s is the speed of as a function of both reduced energy and total angular mo-
sound in heliunt® We define a reduced ener@y, with an ~ mentum quantum numbers. It is found that these can be well
energy unit equal to the excitation energy of the lowestapproximated by simple analytical expressions. It has been
(n=1,L=0) phonon which isium/R=h-534N"Y3GHz  found that the distribution of rotational total angular momen-
=25 Y3Kkg. tum, for each energy, closely follows that of rigid spherical
We have calculated the density of states using similatop. The microcanonical expressions for the ripplon density
methods as for the ripplon density of states, using a bin sizef states has been used by the author and collaborator for
of 0.1 reduced energy units. The integrated density of statestatistical evaporative cooling calculations of both pure and
was fit to the functional form doped helium nanodroplets, conserving angular momentum.
IN(Ng) = aE¥*+ bEY4+ 1. 23 That work will be presented in a future publication.

The valuesa=3.3306,b=—3.5941, andf=1.7786 repro-

duces the recursively calculated valued\gfto an accuracy AckNOWLEDGMENTS

of better than+0.09% whileNg varies by more than 130

orders of magnitude over the reduced energy integgl The author would like to acknowledge the advice and

=25-500. assistance of his Princeton University collaborators Adriaan
We have assumed that the distribution of total angulaDokter, Roman Schmied, and Giacinto Scoles. This work

momentum states will again be well approximated by thewas supported by a grant from the National Science Founda-

spherical top thermal distribution expressidr®). Values of  tion.
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APPENDIX: REDUCTION OF SYMMETRIC PRODUCTS projection quantum number when mapping the sum over the
OF THE ROTATION GROUP 2n, values to the symmetric direct product for a mode with

the angular momentum quantum number 1/2. For the

In order to compute the density of ripplon states as ageneral case of. =L —k. the number of such states con-
function of both energy and total angular momentum quan- "L '

tum number, one needs to determine the distribution of statetéIbUtIng o Ny(M.n,L) is equal to Ny(M _(I.‘_I.()
of different angular momentum generated y quanta in Fk(n —1)2n —1L—k/2). Taking these contributions
each ripplon mode with mode angular momentum quanturrlnm0 account as well as that SUKS.ZL and - that
numberL. We use the fact that a set of states with a total\M(M.NL.L) =0 if IM[=n.L, we can write:

angular moment quantum numblerand with projectionM Krmax

=—L,—L+1..L is an irreducible representation of the ro- Ny(M,n_,L)= > Ny(M—-L

tation group of the spherd$ (or the double group of rota- k= Kmin

tions is half integer angular momentum is allowed) fde-

low, when we speak of a “state” with a given total angular Tk + 120 =1L =ki2), (A2)
momentum quantum numbe, it will be implicit we mean  \yherek,.. is the maximum value of 0 an¢ M +2L—n,L
a degenerate set of {2 1) eigenstates with the allowed 44k _ is the minimum value of R andL—(M/n,). We

range of projection quantum numbers. For the states genegzn then calculatél;(J,n, ,L), the number of states with a
ated by multiple excitations in different modes, the total an-yig) angular momentum quantum numbed by

gular momentum distribution is found by the reduction of theNJ(J,nL L)=Ny(J,n_,L)=Ny,(3J+1n,,L), as is done in
direct product rep_resentatlo_n of the distributions in eachmmy introductory quantum texts when calculating the terms
mode. The rgducnon of a direct product repre_sentatlon fobroduced by a given atomic configuration. It is apparent,
the sphere gives the well known triangle rule, i.e., productsince all terms in EqA2) shift in their first argument by one
of states with quantum numbeds and J, give one state \yhen the first argument on the left-hand side shifted by one

each withJ=[J; = J|,[J1 = Jp| +1,....J1+J,. The triangle  that exactly the same recursion relationship can be applied to
rule can be applied recursively to determine the total ”Umbe{iirectly calculate theN,(J,n,,L) values. However, in
of states with each total once we know the distribution of g,ch a calculation, one must replachis(—J,n, ,L) by

number of states with eachquantum number for excitation _ N,(J—1,n_,L) andN,(—1/2n, ,L)=0 when these nega-

of n_quanta in a harmonic ripplon mode with angular mo-jye argument values arise in the recursion. Also, the recur-

mentum quantum numbér. _ ~ sion is started by usindl;(J,1.L)=8(J,L). It is also easily
The distribution of states produced by a multiple excita-§emonstrated thaN,(J,2,L) = (1/2) (1+ (- 1)°*24) for J

tion in a degenerate mode is not give by the direct product ok | (the factor of 2 is included to make the result correct
that mode _Wlth itselih, times, put by the states given from ayen in the case of half-integer quantum numbéxste that
the reduction of the symmetrin, power product of that i js possible to calculate each successive valueofby

mode. This is the meaning of the widely cited statement thafepjacement in a single stored two-dimensional matrix by
vibrational quanta are “Bosons.” For the point groups rel-|ooping down from the highest value.

evant to the spectra of rigid molecules, the reduction of such e calculation of thé\,(J,n, ,L) values becomes quite
symmetric products can be found in a standard text on Vibramemory demanding for large valuesmf,L. This is in part
tional spectroscop$\: However, the author has not been ablepecause they must be generated with increasing values of
to locate equivalent expressions for the reduction of gener&HL but must be used in the calculation of the density of
symmetric powers of the rotation group. In this Appendix, siates in order of increasing, thus requiring a three-
we give a recursion relation that has been used to calculatg§mensional matrix with~1/2(NLma)? €lements, where
these up to high values af andn, . p Nmax @Nd L sy are the highest values of, and L needed.
Each state produced by the symmetric direct product ofjowever, it has been found that for large andL values,

n_ quanta in mode with a total angular momentum quantumpe distribution ofN,(J,n, ,L) approaches that of a rota-
numberL can be represented by a setrof quantum num-  tisnal distribution of a spherical top, i.e.,

bers(integer or half integer depending upban such that

[B(n_,L)?
—Lsm=m;...<m, <L. (A1) N,(J,n,,L)~g(n,,L)(23+1) %

We will calculate a recursive relationship fdhy,(M,n, ,L)
which is the number ofi, th power symmetric product states
of modelL such that the sum of the.quantum numbets whereg(n, ,L)= (n_+2L)!/(2L)!n,! is the total number
equalsM. Forn =1, Ny(M,1L)=1 if [M|<L and zero states(including the 2+ 1 degeneraci@gyenerated with
otherwise. Note that if we restrian, =L, then the total  3_q  n L. This functional form can be justified when it is
number of such states that contribute Ng,(M,n_,L) is  recognized that the central limit theor&msuggests that
equal toNy(M—L,n.—1L). If m, =L—1, then because N,,(M,n_,L) should approach a Gaussian distributiorMn
the rest of the quantum numbers are restricted to ohly 2 for largen, values and thal;(J,n, ,L) is the derivative of
values, the number of states that contribut®tp(M,n,,L) Nu(J,n.,L) in that limit. We can determine the dependence
is equal toNy(M—(L—-1)+(n—1)/2n —1L—-1/2). The of B(n_ ,L) by equating the “thermal average” value of
last term in the first argument arises from the “shift” in the J(J+ 1) to the exact expression, EQ.2), which gives

xexp(— B(n_,L)(J+1/2)?), (A3)
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