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Bias in the temperature of helium nanodroplets measured
by an embedded rotor

Kevin K. Lehmanna)

Department of Chemistry, Princeton University, Princeton, New Jersey 08544

~Received 27 October 2003; accepted 14 November 2003!

The rovibrational spectra of molecules dissolved in liquid4He nanodroplets display rotational
structure. Where resolved, this structure has been used to determine a temperature that has been
assumed to equal that of the intrinsic excitations of the helium droplets containing the molecules.
Consideration of the density of states as a function of energy and total angular momentum
demonstrates that there is a small but significant bias of the rotor populations that make the
temperature extracted from a fit to its rotational level populations slightly higher than the
temperature of the ripplons of the droplet. This bias grows with both the total angular momentum
of the droplet and with the moment of inertia of the solute molecule. ©2004 American Institute of
Physics. @DOI: 10.1063/1.1638991#
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INTRODUCTION

A hallmark of rovibrational spectroscopy of molecules
liquid 4He nanodroplets has been the observation of ro
tional structure, as in the gas phase.1,2 The distribution of
intensity of transitions in this structure has allowed the
termination of the rotational temperature of these molecu
and it has been assumed that this provides a measure o
temperature of the droplets themselves.1,3 This assumption
has been supported by the close similarity of the temp
tures determined for a wide range of molecules and by
assumption that on the long time scales between picku
solutes and spectroscopic interrogation, the entire sys
will come to equilibrium as the droplets cool by evaporatio

Adriaan Dockter and I have modeled the evaporat
cooling of pure and doped helium nanodroplets using an
gular momentum conserving statistical rate model.4 These
calculations have predicted that the droplets cool to a t
perature close to those inferred from experiments and pr
ous evaporative cooling calculations, but with a vas
broader distribution of energy and total angular moment
than for a canonical distribution at the same temperature.
also found, much to our initial surprise, that while the pop
lations of the rotational levels of a solvated rotor follow
thermal distribution, the fitted temperature of the rotor pop
lations is higher than that of the droplet itself. While th
would seem to violate a fundamental principle of thermod
namics, as will be demonstrated below, this divergence of
two temperatures is in fact a consequence of the constra
imposed by conservation of angular momentum. The te
perature of the helium is defined by the inverse of the
rivative of the log of the density of states with respect
energy at fixed total angular momentum. However, whe
rotor is excited to a state with rotor angular momentu

a!Electronic mail: Lehmann@princeton.edu
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quantum numberj , the internal degrees of freedom of th
droplet can have angular momentum values betweenuJ2 j u
and J1 j , whereJ is the total angular momentum quantu
number, which is treated as a conserved quantity. Thus
derivatives of the droplet density of droplet states w
respect toJ contributes to the rotor population.

STATE DISTRIBUTIONS

At the temperature of helium nanodroplets, 0.38 K, t
only intrinsic droplet excitations are surface ripplon mode5

The density of states and other thermodynamic quantities
be written as a function of a reduced energy,Ē5E/ER where
ER53.77kBK/AN and N is the number of helium atoms in
the droplet.5 We denote the density of states as a function
reduced energy and total angular momentum asrRJ(Ē,J),
and the density states summed over angular momen
states asrR(Ē)5(J(2J11)rRJ(Ē,J). Using methods re-
cently described,6 these can be well approximated by th
analytical expressions

rR~Ē!5exp~aĒ4/71bĒ1/7!, ~1!

rRJ~Ē,J!5rR~Ē!~2J11!Ab~Ē!3

p

3exp~2b~Ē!~J11/2!2!, ~2!

b~Ē!5cĒ28/71dĒ213/7, ~3!

if the values a52.5088, b524.3180, c50.8642, andd
520.3524 are used.7 Note that for fixedJ, the density is the
number of distinct states, i.e., does not include the (2J11)
spatial quantization degeneracy of each such state. We d
the ripplon microcanonical temperature,TR(Ē), and with
fixed total energy and angular momentum,TRJ(Ē,J), by
© 2004 American Institute of Physics
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TR~Ē!
5

d ln~rR~Ē!!

dĒ
5

4

7
aĒ23/71

1

7
bĒ26/7, ~4!

1

TRJ~Ē,J!
5

d ln~rRJ~Ē!!

dĒ

5
1

TR~Ē!
1S 3

2b~Ē!
2~J11/2!2D S db

dĒ
D , ~5!

where in both cases, temperature is measured in unit
reduced ripplon energy,ER, divided by Boltzmann’s con-
stant.

We now consider a droplet that has a solvated rigid
ear rotor, with effective rotational constantB, given again in
units of ER. Let j be the rotational quantum number of th
rotor, JR the rotational quantum number of the ripplons, a
J the total rotational quantum number. The total density
states for fixed values ofĒ, J is given by

r~Ē,J!5(
j

(
JR5uJ2 j u

J1 j

rRJ~Ē2B j~ j 11!,JR!. ~6!

P( j ), the fraction of states with rotor quantum numberj , is
given by
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P~ j !5
(JR5uJ2 j u

J1 j rRJ~Ē2B j~ j 11!,JR!

r~Ē,J!
. ~7!

The temperature,T(Ē,J), of the coupled system, at fixedĒ
andJ is given by

FIG. 1. Plot of the ratio of the rotor temperature,Tr(Ē,J) to the droplet

temperature,T(Ē,J) for a droplets of 3000~dashed curve! and 10 000~solid
curve! helium atoms and a solvated rotor withB51 GHz as a function of

the total angular momentum quantum number,J. For each value ofJ, Ē has
been fixed by the condition thatTRJ50.35 K.
1

T~Ē,J!
5

d ln~r~Ē,J!!

dĒ
5

( j (JR5uJ2 j u
J1 j rRJ~Ē2B j~ j 11!,JR!/TRJ~Ē2Bj~ j 11!,JR!

r~Ē,J!
. ~8!
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A rotor temperature,Tj (Ē,J), can be defined from a
Boltzmann fit to the rotor level populationsP( j ). This latter
corresponds to the ‘‘droplet temperature’’ that has been
ported in numerous experiments. This assignment of the

tor temperature to that of entire system, i.e., thatTj (Ē,J)

5T(Ē,J), is natural assumption for a system in microc
nonical equilibrium, i.e., by equatingP( j ) to the ratio of
density of states. If we ignore angular momentum conse
tion and sum over all values ofJ, then the above identifica
tion would be exact as long as the mean energy in the ro

Tr , if much less than the total energy in the droplet,Ē, so
that the ‘‘heat bath’’ of ripplon states does not change te
perature significantly over the range of significantly pop

lated rotor states. Equivalently, we expectTj (Ē,J)

5T(Ē,J) if rR(Ē) can be approximated byrR(Ē2B j( j

11))5rR(Ē)exp(2Bj(j11)/TR(Ē)). Note that if the finite
heat capacity of the droplet heat bath is considered, then
would expect the population in higher rotational levels to f
off faster than predicted by the Boltzmann distribution, a
thus the effective temperature determined by a fit to the ro
populations to be lower than the droplet temperature.

When we look at theJ conserving ensemble, we mu
consider the fact that the average value ofJR(JR11) equals
to J(J11)2 j ( j 11) for fixed J, j . Thus the population of
-
o-

-

a-

r,

-
-

e
l
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different rotor levels will be influenced not only byTR, but
also by theJ dependent factor inrRJ , which has the same
form as the rotational distribution function of a spherical t
in a canonical ensemble. In order to test the size of the

pected bias in the estimate ofT(Ē) by Tj , we will examine
numerical results for droplet ofN53000 and 10 000 helium
atoms, for whichER50.069 and 0.0377 K, respectively
Based upon our evaporative cooling calculations,4 we will
assume that the droplets cool to a final temperature of 0
K, but have a wide range of final angular momentum valu
J. This condition allows calculation of an isothermal cur

Ē(J) for each droplet size. We further assume thatB
51 GHz, which equals 0.70~1.27! in reduced units for drop-
lets of 3000~10 000! helium atoms. This is the effectiveB
constant for SF6 dissolved in helium, from which the tem
perature of helium nanodroplets was first measured.1 It is

found thatT(Ē(J),J)5TRJ(Ē(J),J) to better than 1 % for
all values ofJ over the range from 0–4000. It is found th
the values ofP( j ) fit a Boltzmann distribution to high accu
racy, so that values ofTr are well defined. However, ove
this range ofJ, we find a small systematic difference in th

values betweenTj (Ē(J),J) andT(Ē(J),J), as demonstrated

in Fig. 1. The ratio ofTj (Ē(J),J) to T(Ē(J),J) is found to
be approximately proportional toB21, i.e., is linearly pro-
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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portional to the effective rotational moment of inertia of t
rotor in helium~including the contribution due to motion o
the helium!. As is evident from the figure, the size of the bi
decreases for larger droplets, though less than linearly w
number of helium atoms in the droplet.

The present results demonstrate that for, helium drop
with significant trapped angular momentum, the populat
of rotational levels of rotors will be biased from that pr
dicted by a Boltzmann distribution at the temperature of
ther the droplet excitation modes or the temperature of
entire system. The size of the bias is on the order that sh
be detectable by careful measurement of the droplet r
tional constant as the temperature of the pickup gas~and thus
the initial collisional angular momentum! is increased. Pre
vious experiments have reported a range of rotational t
peratures, but up to now these do not appear to have b
considered physically significant. For example, in a study
the cluster size dependence of the spectrum of SF6 , the tem-
perature was found to be constant to within statistical no
~0.36–0.40 K! for droplets of more than a few thousand H
atoms, but to systematically increase for smaller dropl
down to a value of 0.48~20! K for droplets of a few hundred
He atoms.8 The authors concluded that the temperature
smaller droplets was higher, but the present result sug
that another possibility is that the effect they observed co
be, at least in part, due to the bias effect predicted by
present work. Nauta and Miller found that, for the spectr
of HF dimer, the rotational temperature was 0.34~1! K,9 be-
low the excepted droplet temperature of 0.38~2! K. It should
be pointed out that the rotational constant of HF dimer
helium is three times larger than that of SF6 , and that the
pickup of two HF molecules should deposit considerably l
angular momentum than the pickup of SF6 . It should be
noted that the size of the bias is a function only of the to
rotational quantum number, and thus the effect should
essentially unchanged for a symmetric top or spherical
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molecule. For an asymmetric top, this effect should lead t
failure of the transition intensities to follow that expected f
a gas in thermal equilibrium if this bias effect is ignore
Stimulated by the present analysis, Miller and collaborat
have made an attempt to look in a systematic way at
temperature extracted from fits to rotor populations for d
ferent molecules. Unfortunately, the asymmetries of the li
shapes often observed for the lowest rovibrational transiti
lead to model dependent biases in the fitted rotational t
peratures that could not be disentangled from the expe
effects.10 This gives yet one more reason for the need
address this problem oflineshapes of rovibrational transiti
in helium nanodroples beyond the one previous attemp11

That previous work assumed a canonical ensemble of in
nal states which the recent evaporative cooling work has n
shown to be a poor assumption.
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