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Energy-level statistics for a relaxation Hamiltonian
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We report a numerical computation of the energy-level spacing distribution, the spectral rigidity,
and the transition-amplitude distribution for an ensemble of Hamiltonians with a single “‘bright” state
interacting with a manifold of “bath” states. The bath states are assumed to be part of a regular
spectrum so that the initial states have Poisson statistics. Despite very strong average coupling of all
bath states to the bright state (which may represent coupling to another electronic surface), statistical
properties of the final spectrum are more like those of the initial bath distribution than those of the
Gaussian orthogonal ensemble distribution expected for an irregular quantum spectrum. The level

spacings show level repulsion, but with the nonlinear threshold behavior P(s)~s

The study of the statistical properties of energy levels
has a long history, most notably in nuclear physics.! In
the last few years, this study has received renewed atten-
tion, due to a conjectured relationship between the statisti-
cal properties of energy levels and the concepts of regular
and irregular quantum states introduced by Percival.? A
regular quantum state is one whose Wigner function® is
restricted to a small part of the energy shell in phase
space. Such states are perturbed versions of the eigen-
states of an integrable Hamiltonian. Berry and Tabor*
have shown that the eigenvalues of a generic separable
Hamiltonian form a Poisson sequence so that level spac-
ings are distributed according to a negative exponential
distribution. This same distribution is expected for the
more general case of an integrable Hamiltonian if
quantum-mechanical tunneling splittings can be neglected.
An irregular quantum state is one which is strongly delo-
calized in phase space and thus strongly mixed in the
basis set of any integrable Hamiltonian. Wave functions
of irregular states are conjectured to be random functions
of coordinates® with the Wigner function spread over the
whole energy shell—like a microcanonical ensemble, but
with nodes.® Pechukas’ has demonstrated that, in the
limit A—O0, irregular eigenstates should have the same
energy-level spacing distribution as the Gaussian orthogo-
nal ensemble (GOE), whose form is known and is closely
approximated by the Wigner surmise, P(s)=(ms/2D?)
exp(—ms2/4D?). In the GOE model, the many large off-
diagonal matrix elements cause the level repulsion of the
Wigner distribution, as well as spectral rigidity, tradition-
ally measured by A;. In diagonalizations of large, sparse
matrices, the average size of off-diagonal matrix elements
has been related to level repulsion, and the maximum size
to spectral rigidity.® In the regular case, strong approxi-
mate selection rules mean that most off-diagonal matrix
elements are exponentially damped, so that the eigenspec-
tra show neither level repulsion nor rigidity. Berry has
shown that, in the semiclassical limit (classically small en-
ergy ranges containing many levels), the Poisson and
GOE limits of spectral rigidity apply to spectra of classi-
cal Hamiltonians which are either integrable,
or chaotic (all closed orbits isolated).’ Statistical tests

36

0.625

must be applied to each symmetry class separately so that
energy separations are not confused by the spacing rela-
tionship between noninteracting classes. If independent
GOE distributions are superimposed, the level spacing
distribution rapidly approaches the negative exponential
distribution of a Poisson process. Thus the existence of
just one conserved action other than total energy, causes a
near-Poisson spacing distribution, even if the wave func-
tions are irregular in the other degrees of freedom.

In this paper we report on the numerical study of the
statistical properties of a class of Hamiltonians where all
basis states interact only through one coupling state. This
type of Hamiltonian arises whenever one treats “‘relaxa-
tion” of a prepared, nonstationary state (bright state) into
a dense manifold of ‘“‘heat-bath” states as may occur when
there is a strong coupling between two electronic surfaces.
We want to consider the case where the heat-bath states
are part of a regular quantum spectrum, so the diagonal
matrix elements are chosen to have Poisson spacing statis-
tics. Coupling matrix elements to the bright state are
chosen from a Gaussian distribution with zero mean.
This work is complementary to an earlier study by Brody
et al.,'” where the bath-state energies were chosen as the
eigenvalues of GOE matrices.

This study determines the degree to which strong and
random coupling to one basis state can turn a regular ei-
genvalue spectrum (Poisson statistics) into an irregular
spectrum (GOE statistics). Tests for eigenstate repulsion
and spectral rigidity indicate that level repulsion occurs
only at very small spacings, and that the A; values are in-
termediate between Poisson and GOE values. The distri-
bution of eigenvalues remains much closer to the initial
Poisson distribution than to a GOE distribution. This re-
sult has important implications for a number of experi-
ments that probe the level structure of high vibrational
states of molecules through their mixing with a single
bright vibronic state.!!!?

MODEL

Consider a diagonal matrix with ordered eigenvalues E;
(i=1,N) (bath states). Add one row and column (the
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bright state), with diagonal matrix element E;, and real
off-diagonal coupling matrix elements H;,. The eigenval-
ues of the matrix are solutions to the following equation:

F(M=Eq—A— H}/(E,—\)=0. (1)

The eigenvectors, for a given solution A, are given by
af=—akH,/(E;—)\y) , )
(@af)?=14+3 HY/(E: =\ )? . 3)

The absorption spectrum due to the bright state is then

k
where A, =(ak)?, or for the Fourier transform test dis-
cussed later, A, =1. F(A) has exactly one root in each of
the open intervals (— «,E,), (E, ,E; ), (Ey,+ o).
Movement of eigenvalues are thus bounded by the posi-
tions on the unperturbed eigenvalues.

In our study, the bath states E; were given Poisson
spacing statistics with unit average spacing by taking
E;  y=E;—In(r), where r is a random number distributed
uniformly between O and 1. The origin of energy was
E, =0, and the bright state energy E, was set equal to
Ey/2. The coupling matrix elements were Hy =Hs;,
where s; are Gaussian random numbers with zero mean
and unit standard deviation. In our simulation we took
N=600, H>=600. Roots of Eq. (1) were determined to
better than 10~ energy unit accuracy. Only the central
301 eigenvalues out of 600 were chosen to minimize
effects of matrix truncation. For the central eigenvalues
and eigenvectors, contributions from states far above and
far below a given state approximately cancel.

RESULTS

Figure 1 shows the eigenvalue spacing distribution ob-
tained from 300000 eigenvalue spacings (one thousand
matrices) counted with a bin resolution of 0.005 average
spacing units. Also shown in Fig. 1 are a Poisson and a
Wigner distribution. The observed distribution displays
level repulsion, but clearly looks more like a Poisson than
a Wigner distribution over most of its range. We fit the
observed distribution to a two-parameter form suggested
by Brody,'? P(s)= As“exp(—as*"), using uncertainties
proportional to V' P(s), as calculated from counting statis-
tics. The best fit values are w=0.629(10) (lo) and
u=0.860(7). The values of 4 (3.2286) and a (1.9669) are
then determined by the requirement that P(s) be normal-
ized and have unit average. The fit of this function to the
distribution cannot be distinguished from exact on a sta-
tistical basis. The standard deviation of the residuals of
the fit differs from its calculated value by less than half its
calculated uncertainty. A fit of all calculated spacings
less than 0.045, without using bins, gives an almost identi-
cal threshold law of P(s)~s%%%5. The one-parameter
Brody distribution fixes u=w+1. This form yields
w=0.2976, but gives a poor fit. The distribution function
recently determined by Berry and Robnik'* gives a poorer
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FIG. 1. Level-spacing distribution functions: (a) the model

Hamiltonian (with two-parameter fit), (b) for a Poisson process,
and (c) for the Gaussian orthogonal ensemble (GOE)— Wigner’s
approximation. The spacing axis is in units of mean level spac-
ing. Model results are based on 300000 spacings. The function
form used in the model fit is discussed in the text.

fit than the Brody distribution. A smaller calculation
with (H?) =150 gives a distribution that by eye overlaps
the present one to within the noise. We conclude that the
distribution function is stable to further increases in the
coupling strength.

The level spacing distribution function expected under
the constraints of the bounding of the eigenvalues but
showing the greatest level repulsion occurs if each eigen-
value moves to the middle of the bounding interval. Such
an eigenvalue spectrum has a spacing distribution func-
tion of P(s)=4se ~%*. Such a distribution is much less like
a Poisson distribution function than the observed one. In
particular, that function displays linear eigenvalue repul-
sion near the origin, like the Wigner distribution function.
Both the nonlinear threshold behavior of the observed dis-
tribution function and the accurate fit to a simple two-
parameter form were unexpected and are yet unexplained.

As a test of the spectral “rigidity”’ of the eigenvalues,
we computed Dyson and Mehta’s A;(L).!> We averaged
A;(L) over the energy spectrum according to the method
of Bohigas et al.'® For Poisson statistics, A;(L) averages
to L/15, while for the GOE, A;(L) averages to
[In(L)—0.0687]/7*(13). Table I shows A;(L) calculated
for L=5, 10, 15, 20, and 25. The uncertainty in the
model A;(L) values, due to finite sampling, is less than

0.01. We see that while the spectrum has some rigidity
TABLE 1. Comparison of average A;(L) values for simula-
tion, Poisson, and GOE distributions.
L Poisson Simulation GOE
5 0.333 0.222 0.156
10 0.667 0.527 0.226
15 1.000 0.808 0.267
20 1.333 1.098 0.296
25 1.667 1.395 0.319
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[decreased As3(L)], the A3(L) values are closer to those
from a Poisson distribution than those from the GOE.
This result can be rationalized by the bounding of eigen-
values between those of the initial Poisson distribution.
This limits the amount of long-range order that the spec-
trum can achieve. In fact, the rigidity displayed by the
spectrum at L ~20 is a surprising result.

Recently, Leviandier et al.!” have introduced another
test for the spectral rigidity which is applicable even in the
case of superimposed, independent distributions. They
look at the Fourier transform (FT) of the eigenspectrum,
F[A(E)](t). The power spectrum of the spectrum,
| FL A(E)](¢) | is the sum of two terms, one which de-
cays on the time scale ¢, equal to the inverse of the full
width of the sampled spectrum, and another which is pro-
portional to [1—b,(¢)], where b,(t) is the FT of the two-
level cluster function Y,(s) [a prefactor is 1 if we take
A, =1 1in Eq. 4)]. Y,(s)=0 for an eigenspectrum with
Poisson statistics, so the power spectrum is constant, but
modulated by speckle (interference between uncorrelated
lines). For eigenstates from the GOE, 1-b,(¢) is zero for
t=0 and rises to approximately 1 for ¢ greater than the
density of states p. Thus the power spectrum displays a
“correlation hole,” falling to near zero following the ini-
tial decay and then rises to the Poisson result for
ty <t <p. For times longer than p there is no difference
in the power spectra of Poisson and GOE distributions.
We have averaged the power spectra obtained from the ei-
genvalues of the 1000 matrices. This average power spec-
trum, computed at points spaced by 0.01, where the time
unit is the density of states, is shown in Fig. 2. The
power spectrum is again like that for a Poisson distribu-
tion, except for a gradual dip at intermediate times, weak-
er than the deep dip seen with the GOE distribution.
This dip extends to longer times than the density of states.
This is consistent with the observed level spacing distribu-
tion which only deviates from a Poisson distribution for
short times, so the effect on the power spectrum is at
longer times. Since the Fourier-transform method can be
applied to cases where individual lines cannot be ob-
served,!® this result shows that a weak dip in the power
spectrum cannot be interpreted as long-range order unless
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FIG. 2. The power spectrum of the simulated eigenspectra
averaged over the 1000 sets of 301 eigenvalues. The unit of time
is the density of states. See text for discussion.

it extends to times short compared to the density of states.

As this Hamiltonian is meant to model a system where
we can excite the bright state in some way, we have calcu-
lated the transition amplitudes a5 for the 301000 eigen-
states. The observed amplitude distribution is shown in
Fig. 3. The distribution is strongly peaked at small am-
plitudes. It can be fitted very well with a distribu-
tion function of the form used above, but with w
=—0.3367(42) and u=1.36(14). The residuals of the fit
exceed those expected from counting statistics. This fitted
function can be contrasted with the Gaussian transition
moment distribution predicted for the GOE and for irreg-
ular quantum states.'® The distribution is shown in units
of the mean transition amplitude. We know of no model
to predict what distribution function to expect. From the
above distribution we calculate the function F,,
=(a?)?/{a*) of Heller,"” which gives the fraction of
phase space sampled by the time evolution of state E if
the nonstationary bright state is prepared and then al-
lowed to evolve. For the large coupling strength used
here, the average transition strength is uniform across the
spectrum, so corrections for the spectral envelope, as dis-
cussed by Heller, are unnecessary. For the calculated
transition-amplitude distribution, we found F,, =0.23.
This value is not much different from the value of 0.33 ex-
pected for a Gaussian distribution, and close to the values
near 0.20 recently observed in the optical spectrum of
NO,.!° The Gaussian amplitude distribution has been
suggested for the quantum mechanically irregular case,
which would be expected to show level repulsion. Heller
has warned that meaningful results for F,, can only be
obtained if one chooses as the initial state, a state that is
“localized.” The strong, random coupling of the bright
state to all the others could be interpreted to mean that it
is “‘delocalized.” If real relaxation problems like the NO,
case can have this type of coupling, then it may be
misleading to apply Heller’s methods to the intensity dis-
tributions observed in those cases. If we look at the am-
plitudes of one of the bath basis states, we see from Eq.
(2) that they are related to the amplitude of the bright
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FIG. 3. The distribution function for the bright-state transi-
tion amplitudes, a§, based on 1000 sets of 301 eigenstates. The
transition amplitude is in units of the mean transition amplitude.
The fitted functional form is discussed in the text.
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state, but are multiplied by a “line shape” factor
Hy /(E;—A.). This strong localization of the amplitudes
of a bath state to a few eigenstates near E; means that
Heller’s F function cannot reasonably be applied to the
bath states.

In recent articles Levine and co-workers®® have exam-
ined an entropy measure of the transition-amplitude dis-
tribution function, and compared it to the entropy calcu-
lated for an intensity distribution given by a X? distribu-
tion with a variable number of degrees of freedom v. The
ideal chaotic spectrum should have v=1, higher values of
v correspond to a decreased entropy and thus decreased
chaos. From our fitted function for the transition-
amplitude distribution, we calculate that entropy is the
same as an intensity distribution function of v=0.577 or
v=2.08. Only the smaller value of v corresponds to a
distribution diverging at the origin like ours.

CONCLUSIONS

The numerical results reported here demonstrate the
small degree to which random couplings to one state can
change the statistical properties of a regular quantum
spectrum (Poisson statistics). The nature of the Hamil-
tonian significantly restricts the amount of long-range or-
der the spectrum can develop, but the bounding of eigen-
values would allow significantly stronger eigenvalue repul-
sion. The transition amplitude distribution is strongly
peaked at small intensities, but is, by Heller’s F,, test,
largely “ergodic.”

One of the most convenient experimental ways of
studying the highly excited eigenstates of a quantum sys-

tem is by obtaining a high-resolution spectrum in the re-
gion of a “resonance,” where the transition strength from
some allowed transition is spread over a range of dark
eigenstates which may be on a different electronic surface.
Our present results demonstrate that if significant level
repulsion or spectral rigidity is observed in these experi-
ments, one can be confident that they are present in the
heat-bath states considered without coupling to the state
with transition strength. However, an ergodic spreading
of the transition intensity over all the eigenstates may only
represent ‘“‘ergodicity” in the coupling, and may not indi-
cate anything about the underlying dynamics that govern
the heat-bath states. Such an ergodicity in the coupling
may occur between ‘“regular” quantum states if they are
quantized about very different zero-order Hamiltonians or
if the coupling are sufficiently complicated. Recent exper-
imental work by the authors on the optical spectrum of
NO, has demonstrated intensity ergodicity without any
detectable level repulsion.?! It awaits further analysis to
determine if a Hamiltonian of the type discussed here
models this molecular system.

ACKNOWLEDGMENT

We thank Professor Robert Field, Professor James Kin-
sey, and Professor Eric Heller for discussions on various
aspects of this type of coupling in molecular spectra. This
work was supported by the Donors of the Petroleum
Research Fund, administered by the American Chemical
Society, and by the National Science Foundation. K.K.L.
was partially supported by the Harvard Society of Fel-
lows.

IT. A. Brody, J. Flores, J. B. French, P. A. Mello, A. Pandey,
and S. S. M. Wong, Rev. Mod. Phys. 53, 385 (1981).

2. C. Percival, Adv. Chem. Phys. 36, 1 (1977).

3M. V. Berry, Phil. Trans. R. Soc. London, Ser. A 287, 237
(1977).

4M. V. Berry and M. Tabor, Proc. R. Soc. London 356, 375
(1977).

SM. V. Berry, J. Phys. A 10, 2083 (1977).

SP. Pechukas, J. Chem. Phys. 57, 5577 (1972).

7P. Pechukas, Phys. Rev. Lett. 51, 943 (1983).

8R. Jost, M. Lombardi, and S. Halle (private communication).

9M. V. Berry, Proc. R. Soc. London, Ser. A 400, 229 (1985).

10T. A. Brody, P. A. Mello, J. Flores, and O. Bohigas, Lett.
Nuovo Cimento 7, 707 (1973).

UE. Abramson, R. W. Field, D. Imre, K. K. Innes, and J. L.
Kinsey, J. Chem. Phys. 80, 2298 (1984).

2K, K. Lehmann and S. L. Coy, J. Chem. Phys. 83, 3290
(1985).

13T, A. Brody, Lett. Nuovo Cimento 7, 482 (1973).

14M. V. Berry and M. Robnik, J. Phys. A 17, 2413 (1984).

I5F. J. Dyson and M. L. Mehta, J. Math. Phys. 4, 701 (1963).

160, Bohigas, M. J. Giannoni, and C. Schmit, Phys. Rev. Lett.
52, 1 (1984).

7L. Leviandier, M. Lombardi, R. Jost, and J. P. Pique, Phys.
Rev. Lett. 56, 2449 (1986).

18C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956);
E. J. Heller and R. L. Sundberg, in Chaotic Behavior in Quan-
tum Systems, edited by Giulio Casati (Plenum, New York,
1985).

9E. J. Heller, Faraday Discuss. Chem. Soc. 75, 141 (1983), and
references therein.

20Y. Alhassid and R. D. Levine, Phys. Rev. Lett. 57, 2879
(1986); J. Brickman, Y. M. Engel, and R. D. Levine (unpub-
lished).

2IK. K. Lehmann, S. L. Coy, J. P. Pique, and M. Lombardi (un-
published).



