MALLIAVIN CALCULUS FOR LIE GROUP-VALUED WIENER
FUNCTIONS

TAI MELCHER

ABSTRACT. Let G be a Lie group equipped with a set of left invariant vector
fields. These vector fields generate a function £ on Wiener space into G via
the stochastic version of Cartan’s rolling map. It is shown here that, for any
smooth function f with compact support, f(£) is Malliavin differentiable to all
orders and these derivatives belong to LP(u) for all p > 1, where p is Wiener
measure.
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1. INTRODUCTION

Malliavin [11, 12] first introduced the notion of derivatives of Wiener functionals
as part of a program for producing a probabilistic proof of the celebrated Hérmander
Theorem, which states that solutions to certain stochastic differential equations
have smooth transition densities. The purpose of the present paper is to show that,
under certain conditions, functions of these solutions are “Malliavin smooth,” in
the sense that they belong to Sobolev spaces of all orders. Malliavin calculus has
found applications in many aspects of classical and stochastic analysis. In partic-
ular, applications of the following result to heat kernel inequalities of hypoelliptic
operators can be found in [15].

Let G be a Lie group with identity e, and let {X;}%_, be a set of left invariant
vector fields. Let # (RF) denote standard k-dimensional path space equipped with
Wiener measure u, and let ¢ : [0,1] x #(R¥) — G denote the solution to the
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Stratonovich stochastic differential equation

k
& =Y Xi(&) o dbj with & = e,
i=1
where (b',...,b*) is a k-dimensional Brownian motion. Then, for all f € C(G),

f(&) is Malliavin differentiable to all orders, and these derivatives are in L? () for
all p > 1. Theorem 2.9 states this result explicitly and gives an expression for the
first order derivative of f(&;).

Regularity results of this type have been known for manifolds equipped with vec-
tor fields satisfying certain boundedness conditions. For example, f(&;) is Malliavin
smooth when M is a compact Riemannian manifold, or, more generally, when M
is diffeomorphic to a closed submanifold of R, and this diffeomorphism induces
a mapping on the vector fields to vector fields on RY which have at most linear
growth and bounded derivatives of all orders; see Taniguchi [22]. These previous
results are not sufficient for a set of general left invariant vector fields on a Lie
group, as the following example demonstrates.

Ezample 1.1. Let g be the 4-dimensional algebra defined in a basis { X7, X2, X3, X4}
by the brackets

[X17X2] :X3 and [Xl,X3} :X4,
where the other brackets (except those obtained by anticommutativity) are 0. It
can be shown (for example, via the Baker-Campbell-Hausdorff formula) that the

associated Lie group may be realized as R* with the group operation given compo-
nentwise as

[(a,b,c,d) - (a', V', d)1 =a+d
[(a,b,c,d) - (a', b, d)]a=b+1
[(a,b,c,d) - (a',b,c,d)]3 =c+c + %(ab' —a'b)
[(a,b,c,d) - (a', b ¢ d)]s=d+d + %(ac’ —d'c)
+ %(aQb’ —aad'b — ad't/ + (a')?D)

Now let X = (1,0,0,0) at e = (0,0,0,0) in G. Extending X to a left invariant
vector field in the usual way gives,

d
X(a7b7 C, d) = L(a,b,c,d)*Xl = diﬁ (U,, b7 C, d) . (87070a O)
e=0

d 1 1 1

= Ezo(a +e,b,c— §b57d -5 + E(—abs + be?))
1 1 1

= 1 _—— _—— —_ — .

(1,0, ~ 35, —5¢ = 75ab)
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So if (w, x,vy, 2) are the standard coordinates in G = R*,

x-2 o (1 .1 \9
Tow 2%y \2Y T 12Y") 8

Thus, the standard coordinate representation for this vector field has non-linear
coefficients.

Section 2.1 sets up the notation for this paper and recalls standard definitions
and notions of differentiability on Wiener space. Section 2.2 gives the main result
in Theorem 2.9, and Section 3 presents the proof.

Acknowledgement. I thank Bruce Driver for suggesting this problem and for
many valuable discussions throughout the preparation of this work.

2. BACKGROUND AND MAIN RESULT

2.1. Wiener space calculus. This section contains a brief introduction to basic
Wiener space definitions of differentiability. For a more complete exposition, consult
[7, 8,9, 10, 13, 14, 17, 18, 23, 24] and references contained therein. In particular,
the first two chapters of Nualart [18] and Chapter V of Ikeda and Watanabe [8] are
cited often here.

Let (# (R¥),F,u) denote classical k-dimensional Wiener space. That is, # =
# (RF) is the Banach space of continuous paths w : [0,1] — R* such that wy = 0,
equipped with the supremum norm

[w]l = max |wl,
t€(0,1]

u is standard Wiener measure, and F is the completion of the Borel o-field on #
with respect to pu. By definition of p, the process

bi(w) = (b%(w)a - ’bf(w)) =Wt

is an R* Brownian motion. For those w € # which are absolutely continuous, let

1
E(w) ::/ |ws|? ds
0
denote the energy of w. The Cameron-Martin space is the Hilbert space of finite
energy paths,
H = #(RF) := {w e #(RF) : w is absolutely continuous and E(w) < oo},
equipped with the inner product

1
(h, k) ;:/ hs - ksds, for all h,k € J.
0

More generally, for any finite dimensional vector space V equipped with an inner
product, let (V) denote path space on V, and 5 (V') denote the set of Cameron-
Martin paths, where the definitions are completely analogous, replacing the inner
products and norms where necessary.
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Definition 2.1. Denote by S the class of smooth cylinder functionals, random
variables F': # — R such that

(2.1) Fw) = flwy,.-wt, ),
for somen >1,0<t <--- <t, <1, and function f € C;’O((Rk)"), the functions
f € C*(R*") such that f and all of its partial derivatives have at most polynomial

growth. For E be a real separable Hilbert space, let Sg be the set of E-valued
smooth cylinder functions F' : # — FE of the form

m
(2.2) F =Y Fjej,
j=1

for some m > 1,e; € E, and F; € S.
Definition 2.2. Fix h € . The directional derivative of a smooth cylinder
functional F' € S of the form (2.1) along h is given by

d
opF(w) = =

€

F(w+€h) = Zvif(wtm"'thn) 'ht,”
0 i=1

where V*f is the gradient of f with respect to the i" variable.

The following integration by parts result is standard; see for example Theorem
8.2.2 of Hsu [6].

Proposition 2.3. Let F,G € S and h € 5. Then
(ath G)ﬁf’ = (Fa aZG)ﬁf’v
where 0f = —0), + fol hg - dbs.

Definition 2.4. The gradient of a smooth cylinder functional F' € S is the random
process D, F' taking values in 4% such that (DF, h) s = 0pF. It may be determined
that, for F' of the form (2.1),

DtF = Zvif((,dt17 e ,wtn)(ti AN t),

i=1
where s At = min{s,t}. For F' € Sg of the form (2.2), define the derivative D;F
to be the random process taking values in 5 ® E given by

DF = iDtF ®e;j.
j=1
Iterations of the derivative for smooth functionals F' € S are given by
Dfl,‘,‘,th = Dt1 "'Dth € %®k7
for k € N. For F' € Sg,
D'F = kaFj @ ej,

j=1
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and these are measurable functions defined almost everywhere on [0, 1% x #. The
operator D on Sg is closable, and there exist closed extensions D to Lr(w, HO*
E); see, for example [18], Theorem 8.28 of [6], or Theorem 8.5 of [8]. Denote the
closure of the derivative operator also by D and the domain of D¥ in LP([0, 1]* x #)
by D*P, which is the completion of the family of smooth Wiener functionals S with

respect to the seminorm || - ||x p.z on Sg given by
k 1/p
1 Flk,p,E == ZE(HDjF”gf@@E) )
§=0

for any p > 1. Let
DM*(E) := (| D*?(E) and D*(E) := () () D**(E).

p>1 p>1k>1
When E = R, write D¥P(R) = Dk, DE(R) = Db and D®(R) = D*. Also
let
L7 (n) == () L7 ()
p>1
The notion of Sobolev spaces of Wiener functionals was first introduced by Shigekawa
[19] and Stroock [20, 21].

The operator 0 on S is also closable, and there exists a closed extension of
Op1 -+ Opre to LP(p). Denote the closure of J also by 0y, with domain Dom(d,).
Denote by G*P the class of functions F' € LP(u) such that Oy1 -+ O F € LP(),
for all h',... W € #, j=1,...,k. The norm on G*? is given by

k , 1/p
IFllgrs =Y (BIDTFI pory.)
§=0
where
| D7 F||(speiy- = sup{|Op -+ Oni F| : B* € I, [h'| ¢ < 1}

is the operator norm on the space of continuous linear functionals (J#®7)*.
The following result follows from Proposition 5.4.6 and Corollary 5.4.7 of [2].
(Note that the space D¥P here corresponds to the space W*? in that text.)

Theorem 2.5. For all k € N and p € (1,00), D*P C G*P. In particular, for
k=1, DY =GY", for all p € (1,0).

Definition 2.6. Let D* denote the L?(u)-adjoint of the derivative operator D,
which has domain in L?(% x [0, 1], ) consisting of functions G such that

for all F € D%2, where C is a constant depending on G. For those functions G in
the domain of D*, D*G is the element of L?(u) such that

E[FD*G] = E[(DF,G) ).
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It is known that D is a continuous operator from D> to D> (5¢), and similarly,
D* is continuous from D> () to D>°; see for example Theorem V-8.1 and its
corollary in [8] .

2.2. Lie group-valued Wiener functions. Let G be a Lie group with Lie algebra
g = Lie(G) and identity element e, and let L, denote left translation by an element
g € G, and R, denote right translation. Suppose {X;}F; C g, and let go :=
span({X;}%_;). Let (-,-) be any inner product on g, and extend (-,-) to a right
invariant metric on G by defining (-, '>g (TG xTyG — R as

(v, w)g = <R971*U,Rg71*w>, for all v, w € T,G.
The ¢ subscript will be suppressed when there is no chance of confusion.

Notation 2.7. Given an element X € g, let X denote the left invariant vector field

on G such that X (e) = X, where e is the identity of G. Recall that X left invariant

means that the vector field commutes with left translation in the following way:
X(foLg) =(Xf)oLy,

for all f € C'(G). Let X denote the right invariant vector field associated to X.

Notation 2.8. Let Ad : G — End(g) denote the adjoint representation of G with
differential ad := d(Ad) : g — End(g). That is, Ad(g) = Ady = Lg.Ry-1,, for all
g € G, and ad(X) = adx = [X,], for all X € g. For any function ¢ € C*(G),
define @gp, V¢ : G — g such that, for any g € G and X € g,

(Velo). X) = (dp(g). Ry:X) = (X¢)(0)

and
(Velg), X ) i= (dp(g), Ly X) = (X9)(g).
Then,
R dl| d
\AY XQY)=—| — e*X gtV
< wlg), X ® > ds|,dt 0('0( g )

for all X,Y € g, and similarly for @@go

Now suppose {bi ?:1 are k independent real-valued Brownian motions. Then
k
b o= Xibj = > _ X}

i=1
is a (go, {-,-)) Brownian motion. In the sequel, the convention of summing over
repeated upper and lower indices will be observed. For h = (h!,... h¥) € J, let
h:= X;h' € #(go). Let £ :]0,1] x # — G denote the solution to the Stratonovich
stochastic differential equation
(2.3)  dé =& odby := Le,, o dby, = Lg, . X; 0 dbi = X;(&;) o dbl, with & = e.

The solution & exists by standard theory; see, for example, Theorem V-1.1 of [8].
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Theorem 2.9. For any f € CX(G), f(&) € D™ for allt € [0,1]. In particular,
D[f(&)] € # @R* and

(DIf (€)' = <@f(§t>, / " ade x, dr> ,

fori=1,... k, componentwise in J€, and for any h € H,

Onlf (&) = /O t (VF(&), Adg, Xi) bt dr.

The proof of this theorem goes through a series of convergence arguments for
solutions to two cutoff versions of Equation (2.3). It is necessary to first consider a
version with vector fields modified by a cutoff function which is compactly supported
on GG so that Taniguchi’s result may be applied. Another cutoff function which is
compactly supported on End(g) is then required to resolve certain convergence
issues which arise with the derivatives (see Propositions 3.7 and 3.8 below). Set the
following notation for cutoff functions for the sequel.

Notation 2.10. Let |g| denote the distance from a point g € G to e with respect to
the right invariant metric. Let {p,,}5°_; C C°(G, [0, 1]) be a sequence of functions,
¢m 1 1, such that ,,(g) = 1 when [g| < m and sup,, sup,cq IVEom(g)| < oo for
k=0,1,2,...; see Lemma 3.6 of Driver and Gross [5].

Fix ¢ € C>(End(g), [0,1]) so that ¢» = 1 near I and 9 (x) = 0 if |z| > 2, where
| - | is the distance from I with respect to any metric on End(g), and define

W(a), Ay = L a1 ea),

de|._,

for any A € End(g). Take v(g) := ¥(Ady) and un(g) := pm(g)v(9).

3. PROOF OF THEOREM 2.9

There are several standard convergence results on matrix groups which are as-
sumed in the sequel. For the sake of completeness (and since they do not seem to
exist in one place in the current literature), these are compiled in the note [16].

The following proposition will be used repeatedly; see for example Driver [4].

Proposition 3.1. Suppose p € [2,00), a4 is a predictable R%—valued process, Ay is
a predictable Hom(go, R%)~valued process, and

t t t t
Yt::/ Ardgr—k/ OszT:/ ATXidbi+/ , dr,
0 0 0 0

where {b*, ..., bk} are k independent real Brownian motions. Then

t p/2 t p
Esup |V, " < C, {E </ |AT|2d7') +]E</ |ozT|d7'> },
<t 0 0
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where
n

AP = r(A47) = D (AA7)is = 3 Ay Ayg = tr(A" ).

i=1 %7

Notation 3.2. Let ¢, denote constants such that lim, ... 6, = 0. Also, write
f < g, if there is a positive constant C so that f < Cyg.

Lemma 3.3. Let u € CY(G) such that u and Xu are bounded for all X € go. Then
the solution 1 : [0,1] X # — G to the stochastic differential equation

dn = u(n)nodb := w(n) Ly o db = u(n)X;(n) o db', with g = e
exists for all time; that is, 1 has no explosion.

Proof. Let ¢ be the life-time of  and ¢ € C°(G). Then on {t < (},

dio(n) = u(n) Xisp(n) o db* = uln) (Vio(n), X; ) o db' = u (n) (Veo(n), odb)

(
(S5t g (550,
(S50 (o (50,3
é?w ,dlii—&-;K dB) (Vip(n). dB) + uln) (P (n), db @ dF )]

[(Futn. 2) (ot o) + ) (T, X, 0 X)) .

™M=

1
2

i=1

Let {pm}m—1 C C°(G,[0,1]) be a sequence of functions as in Notation 2.10.
Then from Equation (3.1) (using the convention that ¢, (n:) = 0, Vi (n:) = 0,
and V2, (n;) =0 on {t > (})

¢ ~ —
o) =1+ [ un) (Vo (). dB)
0
1 [P/ - i
+ 5/0 ; [<Vu(77),X¢> <V<pm(v7), X¢> +u(n) <v2¢m(n),Xi ® X>} dr.
Taking the expectation of this equation then gives

E [@om(m)] =1+ 0,

where

%E /Otﬁ: [< > <Wom(n),X!—> +u(n) <?2<pm(n),Xi ® X>} dr.
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Now by construction of the ¢,, and the assumptions on wu, there is a constant
M < oo such that

[(Futn), X ) (Fom(ne), X3 ) + ) (V2o nr), Xi @ X )

< M.

Moreover, lim,, ‘@g@m‘ =0=1lim,, 0o ‘@me‘. So it follows by the dominated
convergence theorem that lim,, .~ &, = 0, and

1= 1im Efpn(n)] =E[ lm gm(m)] = Elyeg = P(t < O);

that is, ( = co p-a.s. [
Now let u € C2°(G), and suppose 7 : [0, 1] x# — G is a solution to the stochastic

differential equation

(3.2) dn = u(n)nodb := w(n) Ly © db = u(n)X;(n) o db'.

The previous lemma implies that the solution 7 exists for all time. Since the vector
fields uX; have compact support, G may be embedded as a Euclidean submanifold
in a “nice” way so that the embedded vector fields are bounded with bounded
derivatives. Then Theorem 2.1 of Taniguchi [22] implies that, for any f € C°(G),
the function f(n) € D*°.

Proposition 3.4. Fiz h € 5, and let n be the solution to Equation (3.2). Then,
for f € CX(G),

Onf(ne) = <@f(77t), 9t> )
where 0 : W — g solves

(3.3) 6, = /0 t (<wn), o> Ad,) odb + u(n) Ad, d/‘i) .

Writing this in Ité form gives
t ~ — —
0, = / <<Vu(r]), 9> Ad, db + u(n) Ad, dh
0

w23 <@W(n), X; ® 9> Ad, X; dT).

1

1k
2':

(2

Proof. Let 1 := n,(-+sh) : [0,1]> x # — G. Then 7 satisfies the Stratonovich
equation in ¢,

(3.4) i = w(r}) Ly (odby + sdiy)

By Corollary 4.3 of Driver [3], there exists a modification of n; so that the mapping
s +— n; is smooth in the sense that, for any function f € C(G), s — f(n7) is
smooth, and, furthermore, for any one-form 9 acting on T: G,

t t 8 8
otaez) = [ ao )
0/0 ( ) 0 0s 0

s, dn, 9| =
) a2

(3.5) t

9
Os

7=0
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Let ¢ be the g-valued one-form such that ¥(X) = X, for all X € g. Since 9 is
right invariant, the two-form diJ satisfies the identity

dd =9 A9

where 9 A Y(X,Y) = [9(X),9(Y)] for any X,Y € g; see for example [1]. Let
0, =10 (%|Onts), so that %|Onf = R, 0. Thus,

9 Ad,; = dAd(6;) Ad,, = ady, Ad,, .
0

0s
= [ 10

By Equation (3.5),
s
a t . . t .
/ u(ng) Ady; (odeJrsth) - / [QT,u(nt)Adm ode]
0v0 0

ol N\ o .
=0 (35| ) = 5 ) o )|
=5

t
= / <<@u(n7), 97> Ad,, odb, + u(n,) adg, Ad,, OdgT + u(n:) Ad,, dﬁT)
o ]
—/ [QT,u(m) Ad,, Ode}
t OA . .
- / (<vu(m), 9T> Ad,,. odb, + u(n,) Ad,, th) :
0
and for any f € C°(G),
~ 1ol ~
) = (9 sm.0 (2] 08) ) = (Vs).01).

Now, to write this equation in It6 form, first note that

dAd, = u(n) Ad, oad

0
onf(ne) = D5

0 0

11/ y
= u(n) Ad, ad +5 KVU(T}), db> Ad, +u*(n) Ad, addg] -ad
k
1 ~
(3.6) =u(n) Ad, ad +§ Z KVu(n), XZ-> Ad, ad, +u?(n) Ad, adii] dt,
i=1

where ad ;; = adx, db’. This then implies

d { (Vu(n).0) Adn] b= [(VVu(n), db @ 0) Ady + (Vu(n),0) u(n) Ady ad,gz) db

|
KM?

[<ﬁ@u(r]), X; ® 9> Ad, + <@u(n), 9> u(n) Ad, adxl} X, dt

1

(2

|
&Mw

<€W(n),xi ® 9> Ad, X; dt,

=1
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using that adx X = [X, X] = 0. Therefore,
N - - 1
<Vu(77), 9> Ad,y odb = <Vu(n), 9> Ad, db + 5d [<
1 k
- <Vu(n) >Ad db + 5;

and 6 satisfies the It6 differential equation

9> | b

Vau(
(VVu(n), X; @ 0) Ad, X; dt,

k
o = <wn>, 9> Ad,, db + u(n) Ad, dh + % 3 <@W(n), X, ® 9> Ad, X; dt.

i=1

Remark 3.5. For u,, = p,v, the following derivative formulae hold:
@um =Vo- ©m + U ¢§0m
and
@@um =V [@v “Pm U @tpm
:@@v'gaer@v@@g&m+@¢m®@v+v-@@¢m.
Proposition 3.6. Let ™ : [0,1] x # — G denote the solution to the equation
™ = (™0™ 0 db = o (™ Y0 (™ ™ o db
— o™ (Adyn )™ o db, with 1 = e,

and n:[0,1] x # — G denote the solution to

(3.7)

(3.8) dn =v(n)no db = Y(Ady,)n o dl_;7 with ny = e.
Then for all f € C(Q),

lim Esup |f(n7") = f(nr)[" =0,
m—= 7<1

for allp € (1,00).

_ Proof. By Lemma 3.3, Equation (3.7) has a global solution. Notice also that
Xv(n) = (¢'(Ad,),adx) is bounded, so that Equation(3.8) also has a global solu-
tion. Then by Equation (3.1),

A (") = (") (V7 (™), db)
+ % Xk: Kﬁum(nm), Xi> Wf(nm), Xi> + Um (n™) <@2f(nm), X;® Xi>} dt,

=1
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and similarly,

;i (V™). %) (Vr6rm), %) = (Vo). X:) (V1) X;)
+ g (™) <@2f(nm), X; ® Xi> —v(n) <@2f(n), X, ® X>] dt.

Bound this expression by applying Proposition 3.1 to each term. For the first term,
note that u,, — v boundedly, as m — oo, and this implies that

Lo & worns]
<ZE / \ ") (V™) X ) = o) (V). Xo)

t
S IV f o / i (1) — () |? dr — 0,
0

E

p
dr

as m — 00, by the dominated convergence theorem. Similarly, for the second term,
Vi, — Vv boundedly, as m — oo, implies that

/0 t [Wum(nm)xi} (VHOrm).X:) = (Volm), Xo) (V). X ) } dr
<E [ (P, 5 (T 07,5, = (o), %) (T 7). %,
<I9rE [

as m — oo, by the dominated convergence theorem. Finally,

p

E

dr

(") = V()| dr =0,

P
E

[ [t (7200703 22) = ot (92100 %0 ) |t

/
0

t
ST [ () = o)) d7 =0,
0

wn ™) (V21 00™), X 0 X, ) = o(n) (V25 (), X 0 X, )|
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as m — 00, again by dominated convergence. Thus,

lim Esuplf(m ) = f(n-)IP =0,

m—00
as desired. ]

Proposition 3.7. Let U™ = Ad,m : # — End(g) and U; = Ad,, : # — End(g),
which satisfy the stochastic differential equations

(3.9) dU™ = um(n™)U™ o ad 3 = @m((n™)(U™)U™ o ad z, with Uy =1,
and
(3.10) dU =v(n)U o ad j; = ¢Y(U)U o ad;, with Uy = I,
where ad ; = adx;, db'. Then
lim Esup |U" - U, [P =0

m—oo <1
for allp € (1,00).

Proof. Using Equation (3.6), rewrite(3.9) and (3.10) in Itd form as

k
dU™ = 1ty (™) U™ adngr% > (Vi ™), Xi ) U™ adx, +u, (") U™ ad%, | de
=1

A
— el a5 Y | (T ™), X 00U ad,
=1
U™ (4 (U™), U™ ad ) U™ ad, -+ )6 U0 ac
and

k
dU = v(n)U addl;—I—% Z K@v(n), Xi> Uadx, +v(n)U ad%g} dt

=1
= $(U)U ad +5 Z U),Uady,) U ady, +¢*(U)U ad%, ] dt.

Let €™ := U™ — U. Then by the above,

(3.11) ™ = (o (™HU™U™ ~ H(U)V) ad 5
k
+3 > me Xo) b(U™) U™ adx,
T (@™ YU™) (1 (U™), U™ adx ) U™ = (U) (0'(U), U adx,) U) adx,

+ (n (MPHU™MU™ = $*(U)U) ady, | dt.
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Again apply Proposition 3.1 to work term by term to bound the above expression.
Note first that, since ¥ has compact support, U and U™ always remain in a fized
compact subset of End(g). Thus,

p

E’/ [Om(n™)(U™)U™ —p(U)U]ad
0

t
<E / (o (U™ U™ — HUYUP dr
t t
<E / (U™ U™ — ()] dr + E / om (™) — 1Pl (U™ dr
0 0

t
< IE/ le™ P dr + 0,
0
wherein the mean value inequality to z — 1 (x)x is used to show that
[p(U™U™ =p(U)U| < C()IU™ = U| = Cle™],
and
t
S = [ lon™) =~ L@ dr —
0

as m — 0o, by the dominated convergence theorem. Similarly, for the last term of
the sum in (3.11),
P

t
E] / (P2 (4" U™ U™ — 2(U)0) ad%, dr
t t
SE [ [Rumun - P dr+E [ k) - 1Pl dr
0 0

t
< ]E/ [e™|P dT + Oy
0

where the mean value inequality has now been applied to the function x — 1)?(z)z,
and

t
5 = E / 02, (™) — 1P| (U™) 22 dr — 0,
0

as m — oo. For the second term,

E /Ot <@<pm(77m),Xi> Y(U™U™ ady, dr

<E [ (Tt x| ar

_ ]E/Ot <wm(nm),xi> HU™) (™ + U)]” dr

t
< ]E/ P dr 4+ 6,
0
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where
t
. P
O = IE/ (Veom(r™), X ) b(U™U|" dr -0,
0
as m — 00, since lim,_ s |@g0m| = 0. Finally, for the the third term, note first
that

em(g")(@(U™), U™ adx,)U™

em(n™) W'(U™), U™ adx,) (€™ +U)

(™) (' (U™), U™ adx,) €™ + @ (n™) (' (U™), (™ + U) adx,) U
(™) (' (U™), U™ adx,) €™ + @m(n™) (' (U™),e™ adx,) U
+om(™) W'(U™),U adx,) U.

Thus,

p

E / (P (T YHU™) (' (U™), U™ ady,) U™ — (U) (' (U), U adx,) U) adx, dr

S [ lom ") (/07,07 0, €7+ ) 4 (0,7 ) U

(™) ((U™), U adx,) U — (' (U), U adx,) U dr
§]E/Ot le™ P dr + 5,
where
n=E / (o (™) (/(U™), U adx,) — (' (U), U ady,) [P[UP dr — 0,

as m — 00, since @, (™) (U™) — ¢'(U) boundedly. These bounds then imply
that

t
Esup || < c/ P dr + b,
T<t 0
for all ¢ € [0,1]. Thus, by Gronwall’s inequality,

Esup U™ — U, |? = Esup e |? < ,,eC — 0,
7<1 <1
as m — oQ. u

Proposition 3.8. Let 67" : # — g be as in Equation (3.3) with u replaced by up,;
that is,

(3.12) o = / t (<wm(nm), 9> Adyy odb + iy (™) Adyym dﬁ) .
0

Then
lim Esup |0 — 6. =0

m—oo <]
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for all p € (1,00), where 0y : # — g is the solution to
t ~ — —
(3.13) 0, = / (<Vv(77), 9> Ad, odb +v(n) Ad, dh)
0
Proof. Let U/ = Ad,» and Uy = Ad,,. Rewrite Equation (3.12) in Ito form as
g™ = <wm<nm>, 9’”> U™db + wun (7™)U™dR
1 en /e
+3 ; <vwm ™), X; ® 9m> U™ X, dt.

Note that, formally, 6 is the solution to Equation (3.3) with u replaced by v (al-
though v does not have compact support), and Equation (3.13) in It6 form is

k
6 = <w<n>, 9> Ad,) db +v(n) Ad,, dh + % 3 <@w(n), X; ® e> Ad, X; dt,

1=

= <@v(n), 9> U db + v(n)U dh + % Xk: <@@v(n), X, ® 9> UX,dt.

i=1
Let €™ := 0™ — 0 (so that 6™ = &™ + 6). Then

de™ = [{(Fum (™), 0™ Y U™ = (F0(1),0) U] db + [ (4™ )U™ = w()U] dF
+ ;ZZ [<@@um(nm),xi ® 9m> Um - <6%(n),xi ® 9> U] X, dt.
Considering the first term of this expression,
<¢um(nm), 9m>Um - <W(n), 9> U
= (Vum(n™),0+ ™) U™ — (Vo(n),0) U
- <wm(nm),am> U™+ <Wm(nm), 9> Um <W(n), e> U.

Using again that U and U™ remain in a fixed compact subset of End(g), Proposition
3.7, and the fact that Vu,,(n™) — Vu(n) boundedly,
t
Vi (™), 0™ Y U™ — (Vo(n),0)U| db
I yum = (Vo). o) U]

p t
E gE/ |E™P dr + G,
0

where .
S = IE/O ’<Wm(nm), 9> Um - <W(n),9> U‘ dr — 0,

as m — 0o. The second term converges to 0 since
P

=E

p

E —0

b

/0 o (™0 (™U™ — v(m)U) dF

/0 i (7™ )U™ — w()U] dF
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as m — 00, by the dominated convergence theorem. For the third term, note that

‘ Kﬁﬁum(nm)’Xi ® 0+ Em)> U — <@@’U(77)7Xi ® 9> U] X;

)

<™+ ‘ [<@wm(nﬂn,xi ® 9> Um — <@%(n),xi ® 9> U] X,

and so
E /Ot [<@@um(nm),Xi ® 9m> um— <@@v(n),Xi ® t9> U} X;dr ’
< E/t [e™ P dT + O,
0
where
5, =E /t K@Wm(nm),xi ® 9> Um — <@%(n),xi ® 9> U} X, dr T 0,
0

as m — oo, by the dominated convergence theorem, since VVu,,(n™) — VVu(n)
boundedly.
Putting these bounds together then shows

t
Esup |[el'|P < C’E/ le™ P dT + Oy,
T<t 0

for all t € [0,1], and again applying Gronwall’s inequality gives

Esup [67 — 6,P = Esup [P < §,,eC — 0,
7<1 7<1

as m — o0, finishes the proof. [

Proposition 3.9. Let n™ be the solution to Equation (3.7) and 0™ be the solution
to Equation (3.12). Then, for any h € €, f € C*(G), and t € [0,1],

onf ") = (VF).67)
Furthermore, for n the solution to (3.8) and 6 the solution to (3.13),
i E |0, £ (") = (V). 00)| =0,
for allp € (1,00).
Proof. The first claim follows immediately from Proposition 3.4. Now note that
[onf )= (VE,0) | = [(VF@m™)0m) = (Vim),0)]
< [(Vramy.om) = (Vram),0)| + [(Vi™),6) = (Viw),0)|
<IVAO™ =01+ V™) = V()6
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Thus,

) - P

lim_E[0.f(n") = (V£(1).0)]

m—0o0
. = m = m = P
< lim E[|VflI6™ - 6]+ Vi (™) - Vimllel] =o,

by Propositions 3.6 and 3.8 and the dominated convergence theorem. [

Corollary 3.10. For any h € 5, f € C*(G), and t € [0,1], f(n:) € Dom(dp,)
and

onf(m) = (VI (),00) € L ().

This corollary follows from 0 being a closed operator (taking 9, = J;,). Now
removing the cutoff functions completes the proof of the primary result of this

paper.
Proof of Theorem 2.9. Let ¢ € C°(End(g),[0,1]) be as in Notation 2.10,
and define v, (g) := ¥ (n~' Ady). Let £" : [0,1] x # — G be the solution to the

Stratonovich equation
de™ = v, (EM)E™ o db, with £ = e.

By Lemma 3.3, £" exists for all time ¢ € [0,1]. Noting that v,, — 1 and Vv, — 0
boundedly as n — oo, an argument identical to that in Proposition 3.6 shows that,

for all f € C(G),
(3.14) Aim Esup |£(&7) = f(&)IF =0,

for all p € (1,00). Note that this convergence implies that f(&) € L™ (u).
Now let © : #" — g denote the solution to

t t

(3.15) O = / Ade dh = / Ade. X;hi dr,
0 0

and let ©F : # — g denote the solution to the It6 equation

(3.16) dO" = <wn (g”),@"> Adgn db + v, (") Aden dFi
1A je
+3 ; <Van(§ ), X; © 0 >Ad5n X, dt,

with ©f = 0. Now it must be shown that
(3.17) lim Esup|©} — O,|P =0,

n—oo rg]

for all p € (1,00). So let W™ = Ad¢n and W = Ade. Then W™, W : % — End(g)
satisfy the equations

(3.18) dW™ = v, (§")W" o ad jp, with Wi =1,
and
(3.19) dW =W oad, with Wy = 1.
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Rewriting Equation (3.16), ©™ solves

de" = <m (€, @”> W"db + v, (€ YW™

+ f: (V") X; © ") WX dt,

=1

l\D\r—l

and Equation (3.15) implies that d© = W dh. Thus, for e := 0" — O,

(3.20) de" = <%n (€, ®”> Wrdb + (v, (€M)W™ — W)dF
i Z< Vo (€7), X; ®9"> W™ X, dt.

Since W™ and W solve Equations (3.18) and (3.19) which have smooth, bounded
coefficients, Theorem V-10.1 of Tkeda and Watanabe [8] implies that W and W™
are in D*°(End(g)). Standard matrix group results imply that

lim Esup |[W" — W, P and lim Esup |0, W) — O, W, |?,

n—oo <] n—eo <1
for all p € (1,00); see for example Propositions 6 and 8 in [16]. Furthermore,
6hWn = 6h Adgn = ad@n Adgn = ad@n wm.
This then implies that

(Fun(e,00) = 1

dt |,

1 1
= E <¢/(’I’L_1 IAdf"n)7 ad@"- Ad£n> = E <wl(n_1wn), ahWn> .

(’Il_ 1 Adet(—)" gn )

Thus, for the first term of Equation (3.20),

t p t
E‘/ (Vun(£"), 0m)yW™ db ,SE/ %\(w'(n—lwn),ahwwwﬂp dr
0

p

< [ (lwawnliwe) o ar
p

< [ (etwnliw) o ar

p
*E/< ¥/ (n 1W”)IW") O, W" — O WP dr — 0,

as n — 00, by the dominated convergence theorem. Similarly,
R 1
<vwn(g”), X, ® ®“> = — (" (W), W adx, @ aden Adgn)

1
= n2 <¢//(nilwn), W™ adx, ®6hW"> ,
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so that

p

t
E / (VV, ("), X; ® @")W" X, dr
0

p

t
1
:E‘ / — (W (T TWT), W adiy, @0 W) WX | dr
0

t 1 p
<8 [ (Gl wn iR ) o ar
0
t 1 p
SE/ <n2|¢//(n—1wn)|wn2> ‘ahw‘PdT
0
t 1 p
+E/ (mw’%n-lwnmwnlz) 0uW™ = WP dr — 0,
0

as n — 00, again by dominated convergence. Finally,

P

E /O (v (EMYW™ — W) dh

t t
<E / lon(€") — 1P|WP dFi + E / [on (€M (W™ — WP dii — 0
0 0

as n — 00, by the dominated convergence theorem. Thus, (3.17) is verified.
Now, by Corollary 3.10, for any f € C(G) and t € [0, 1], O,[f(£]")] € L (p),
and

OnlF(E) = (VHE, OF )

Thus, by the same argument as in Proposition 3.9, Equations (3.14) and (3.17)
imply that

Jlim E|onf(€) — (VI 01)| =0,
for all p € (1,00). Since Jy, is a closed operator, this and f(&) € L~ () together
imply that f(&) € Dom(d,) and
nlsi] = (V1e).00) = (9166, [ Ade, Xikar) e 1 (o)
0

In particular, for any h € . such that ||h|» = 1,

t ..
EIOu[f(€)] < wm’ / Ade, X.fi dr

p k t
< VSl S E / Ade, X[ dr.
=1

Since
Esup|Ade [P < C,

7<1
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for some finite constant C (see, for example, the proof of Proposition 3 in [16]),
1 (&) llgre < oo for all p € (1,00), where

1/p
IFllgre = | F|| Lo + E” sup |0 FP ;

=1

see Section 2.1. Then by Theorem 2.5, f(&;) € D'°°, and

E[f(&)D"h] = E[0n[f(&)]] = E { /0 t (Vr(e), Adg, X.) it dT] ,

implies that

(3.21) (DAf(E&)) = <@f<ft>, / " ade x, dr> ,

componentwise in 2.

Finally, W = [  Ad¢, dr € D>((End(g))) (see, for example, Proposition 5

in [16]). Combined with Equation (3.21), this shows that f(&) € D>, for all
f€CX(@) and t € [0,1]. n

10.

11.
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