SOME CONVERGENCE ARGUMENTS FOR MATRIX
GROUP-VALUED SDE SOLUTIONS

TAI MELCHER

This note is a collection of standard convergence results in a matrix group setting
which are necessary to resolve certain convergence issues on Lie groups in Section
3 of the paper [5]. For all notation, please see this reference.

The following standard proposition will be used in the sequel; see for example
Driver [1].

Proposition 1. Suppose p € [2,00), o is a predictable R —valued process, Ay is a
predictable Hom(go, R?)—valued process, and

t t t t
y;;:/ ATd57+/ aTdT:/ ATXidbi+/ oy dr,
0 0 0 0

where {b', ... b} are k independent real Brownian motions. Then

t p/2 t p
Esup |V, " < C, {E </ |AT|2dT> +]E</ |04T|d7'> },
<t 0 0

AP = tr(AA") =) (AA) =Y AijAy = tr(A*A).

i=1 ij

where

Notation 2. Let §,, denote constants such that lim,, ., 6, = 0. Also, write f < g,
if there is a positive constant C' so that f < Cg.

Let M = End(g) and A; = adx, € M, for i = 1,..., k. Further, let B := A; b’ =
adx, b = adj, where {b}¥_, is a set of independent real-valued Brownian motions,
and let H := A; h' = ady, h', where h = (h',... h¥) is a fixed element of 7.

Proposition 3. Let W : [0,1] x # — M denote the solution to the Stratonovich
differential equations

k
1
(0.1) dW:WodB:WdB+§ZWA§dt, with Wy =1,
i=1
and let W :[0,1]2 x # — M denote the solution to the equation
(0.2) dW?® =W? (odB + sdH), with W5 = 1.
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Then

lmEsup [W? — W, |P =0,
s10 7<1

for all p € (1, 00).
Proof. Writing Equation (0.2) in It6 form gives
k
s s 1 s A2 s
AW® =W dB+§;W A2dt + sWodH.

Then by Proposition 1, for any s € [0, 1],

p/2 t P
Esup |[WiP S1+E (/ | 2d7> +E (/ |Wfd¢)
<1 0
<1 —HE/ |[WE|P dr,
0
for all ¢ € [0,1]. An application of Gronwall’s inequality then shows that
Esup [W|P < CeC,

7<1

where these constants are independent of s; that is, there exists some finite constant
Cp such that

sup (]Esup|WTS|p> < Cp,
s€[0,1] <1
for all p € (1,00).

Now let ¢ := W*® — W. Then from Equation (0.1), £® satisfies

de® = (W* —W)dB + = § W)AZdt + sW*dH
L
__ S 2
=e°dB + 3 iE:1 e®A7dt + sW?dH.

Then applying Proposition 1 gives
t
Bswples” 5 [ |eodr + .,
7<1 0
for all t € [0,1], where

dr — 0,

k t
P
5y = Z/ [ i
i=1"0
as s | 0, by the dominated convergence theorem. Thus, by Gronwall’s inequality,

Esup |W? — W,|P = Esup|e|P < 6, — 0,
7<1 7<1

as s | 0, for all p € (1,00). [
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Proposition 4. Let W be the solution to Equation (0.1). Then Wy € D*°(End(g)),
for allt €10,1], and W : [0,1] x # — M solves the equation

t
(0.3) oWy = (/ WTHWT_ldT> W;.
0
Furthermore, if W* is the solution to Equation (0.2), then
s _ p
lim E sup u — oW, =0,
sl0 <1 S

for allp € (1,00).

Proof. Note that W = Ad satisfies the Stratonovich stochastic differential
equation

dAd¢ = Adg oadg, = Ade ad, odb’,

a linear differential equation with smooth coefficients. Then by Theorem V-10.1 of
Ikeda and Watanabe [4], W; = Ad¢, € D*°(End(g)) componentwise with respect to
some basis.

Now let ¥ : [0,1] x # — M denote the solution to the equation

k
d¥U = UW odB + WdH = YWdB + % > WAt + WdH,
i=1

with Wo = 0. Let * := ("% — ¥). Then

s __ k s _
de® = (WW—\I/)dB+IZ<WW—\I!>A?dt+(WS—W)dH
§ 2i:1 s

k
s 1 S A2 s
—¢ dB+§Z;s A2dt + (W° — W)dH.

By Proposition 1, this implies that
t
Esup|ef|P < / |e®|PdT + 05,
T<t 0

for all t € [0,1], where

k t
b :Z/O
i=1

as s | 0, by Proposition 3 and the dominated convergence theorem. An application
of Gronwall’s inequality then gives
Ws — W,

2
AR AS A
s

we — Wil dr — o,

P
=Esuple|? < d,eY — 0,

T<1

E sup
7<1

as s | 0, for all p € (1, 00).
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By Theorem VIIL.2B of Elworthy [2], there exists a modification of W} so that
the mapping s — W is smooth. Let F' € S be a smooth cylinder function on #'.
By the above convergence,

d
— E SF) = E[W,F.
| EIViF) = Bl
Consider also
4 E[WSF]—/i Wi(b+ sh)F(b) du(b)
ds|, ¢ o ds |, t 5 H
:/Wt(b)i F(b— sh)du(b— sh)
ds o

= /Wt(b) [—ahF(b) - (/01 s - dbs> F(b)] dp(b) = E[W; 0, F;

where the third equality follows from differentiating the shifted measure, and the
final equality follows from a standard integration by parts (see for example Theo-
rems 8.1.1 and 8.22 of Hsu [3]. This then implies that E[U,F| = E[W,0; F], and so
OpWy = W,. Thus, 0,W satisfies the differential equation

d(@hW) =0p,W odB + WdH,

with 9,Wy = 0. Equation (0.3) then follows from an application of Duhamel’s
principle. |

Proposition 5. Let W be the solution to Equation (0.1), and let W : [0,1] x # —
End(g) be given by

¢
W, ::/ W, dr.
0
Then W € D*°(#(End(g))) (see Remark 6).

Remark 6. Since End(g) = RY for some N, 2 (End(g)) = 7 (RY).

Proof. Let V.= W1 :[0,1] x # — End(g). By differentiating the identity
Wthl = I, one may verify that V satisfies the differential equation

dV =—0dBV = —A;V odb, with Vj = I.
Let V,* : [0,1]2 x # — End(g) denote the solution to the equation
(0.4)  dV® = —(0dB + sdH)V = —A; V2 o db} — sA;V2hidt, with V@ = 1.
By the same arguments as in Propositions 3 and 4,
(0.5) limEsup |V? — V,|P =0,

510 <1

t t
(0.6) oLV = —Vt/ VAV, dr = —Vt/ W,.HV, dr,
0 0
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and
p

VE-V,
(0.7) limEsup |———— — 9, V| =0,
s

510 7<1

for all p € (1,00). From the proof of Proposition 3, there exists a finite constant
Cp such that

sup (swpEI2P) <,
s€[0,1] \7<1
for all p € (1,00). By a similar proof,
swp (swEVE?) <G,
s€[0,1] \7<1
for all p € (1, 00).
Now let W, := V,W;. Note that W, ! = Wy, and W, ,W;, = W,,. By the
above bounds on W and V, there exist finite constants C}, such that

(08) sup E|W7'1,T2‘p S CP’

71,72t

for all p € (1,00). Using this notation and Equation (0.3),

t
oW, = (/ W, AW LhE dT) W,
(0.9) 0
= / W, A;W, b dr,
{o<7<t}

and so, for ty <tand ay =1...,k,

(010) [Dtl Wt]al :/ WTAalwf,t dTa
{0<r<ta}

where, for F' € End(g), F = Zle Fi® A;. For t; > t, Dy, W, = 0.
Let r € N. For {t1,...,t,} C [0,1] and multi-index o = (a,..., ) C
{1,...,k}", let D, W, denote the o™ component of Dy, W;; that is,

Dy We o= [Dy, [+ [Diy [Dy, Wi ]2 - ]2

Tyeens

Now show that the following properties hold for any integer r» > 1:

(P1) For any p € (1,00) and multi-index a, W; € D"P(End(g)) and

sup E|Dy? WilP < oo.
{t1,-,tr }€[0,1] '

(P2) Let T := min{ty,...,t.}. If T <t, then the r*® derivative of W; satisfies the
linear differential equation

r,a
Dtrv--~7t1 Wy = WTlAJl WTl,TzAh e WTT*lyTrAJrWTryt dry - --dm,
[0,7]"

where T, denotes the " smallest element of the set {T1,...,7}, and J; denotes
the index corresponding to 7; (that is, J; == >;_; Lir,=ryaq). If T > t, then
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T —
Dy . We=0.

By Equation (0.10), the above holds for » = 1. Now assume that these properties
hold up to and including order r. Note that Equations (0.6) and (0.9) imply that

OnWst = (OnVs) Wy + Vi (0 Wy)

s t
-V, (/ W, AV he dT) W, + Vs (/ WAV hi dT) W,
0 0

= / WSJA,L‘th h:_ dr.
{s<r<t}

Let W denote the solution to Equation (0.2), and V* denote the solution to (0.4).
Then, for W7 _ =V:W?

T1,T2 T2
Vi Wy,
— szf Vi, (0, W,,) + ¥ Wr, = (On Ve )W,
<|Vi =V o, + |V | u_(ahwn)
T | Wl

and thus Proposition 4 and Equations (0.5) and (0.7) imply that

p
=0.

lim sup E|—222 — OWWr 1,

le T1 7T‘2§t

S
We =W,
S

So for ay,asq,by,bsy €0, 1],

ba  rbi Ty - W, . ba b1 P
im AT 2 dry dry — Wy dT1 dT2
LimE — T2 VP dnd Wiy 7 dmi d
sl0 as a1
by by T8 _ P
. 7— 3T
< hﬁ)lE/ / Tl = LKL 8hW7'1 o dT1 dTg
s
bo by s _ W j4
T1,T
= E/ / hﬁ)l ‘r1 T, T2 T T2 - 1,72 8hW7—1,7-2 dT1 dTg _ 0,
S

by dominated convergence. Thus,

b2 bl b2 bl
8h (/ ‘/V-rh-,—2 dn dT2> = / (8hWﬁm)dﬁ dro.
as al a2 ai
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Performing similar estimates shows that
T,
8th7‘a~~7tl

= / {(@LWTJAL Wrym,Agy W,y 1, Ag, Wr, 4
[0,7]"

+ W A (OWry 1) A, W 1, A Wi, 4
+- AW AW Az, - (O Wr. 1) A5 W, 4

+Wr, Ay Wy, Agy - W,y 1, Ay, (O W, 1) | drp -+ - dmy
= / |:/ WTT+1AQT+1 WTT+1’T1AJ1 WTl,TzAb e WTT*lsTrAJTWTrgt
[0, 7" {0<7 41 <T1 }
+ / WTI AJ1 WT17T7‘+1Aa7‘+1 WTT+17T2AJ2 e WT7‘—17TT‘AJT‘ Wth
{1 <7 y1<T2}
+ e+ / VI/"T1 AJl WT17T2A112 cee WTT717TT+1AQT+1 WTTJrl,TTAJT WTT,t
{TT71§T7~+1STT}
+ / Wi, ApnWry g Agy - W 10, Ap W e Aoy W
{Tr<7ry1<t}
X h?::ll dtry1 dry - - - dr,
which implies exactly that (P2) holds for r 4 1, since
{O S Tr41 S T1}7 {Tl S Tr41 S T2}7 e 7{T7‘71 S Tr41 S Tr}v {Tr S Tr4+1 S t}
partitions the set [0,¢]. Clearly, this also implies that, for all ¢,.4; € [0,1] and
arp1 =1,...,k, [Dy,, DY ]9+ € LP(u) for all p € (1,00), by Equation (0.8),

and so W; € D"T1P(End(g)).
Now, for W; = fot W, dr, the above arguments imply that

t t
oW, = / oW, dr = / / W Aay, Wr, o0} drydr
0 0 J{0<m <7}
and, for t; <tand oy =1,...,k,
o t
[Dtl Wt]al = / / VVT1 Aoq WTI’T dTl dr.
0 {OS’TlgT/\tl}

Let r € N. For any {t1,...,t.} C [0,1] and multindex o = (aq,...,qa;), let
D . Wy be the ot component of Dj, , Wy; that is,

Dy Wi =Dy, [+ [De,[Dy, Wi]*1]*2] - - -]
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Then working as above,

,,,,,

t
p— T)a
= Dy~ Wrdr,
0

and since W, satisfies (P1) for all 7 € [0,¢], W € D"P(J#(End(g))), for all r € N
and p € (1,00). |

Proposition 7. Let ) € C(M) such that v = 1 near I and ¢(z) =0 if |z| > 2,
where | - | is the distance from I with respect to any metric on M. For any n € N,
define ¥y, (z) = Y(z/n), and, for any A € M, define (¢'(x), A) == %‘Ozb(x +tA).
Let W denote the solution to Equation (0.1), and let W™ : [0,1] x # — M denote
the solution to the Stratonovich differential equation

(0.11) AW™ = o, (W)W 0 dB, with Wi = 1.

Then
lim Esup |[W! — W, |[" =0,

n—oo <
for all p € (1, 00). )
Remark 8. Notice that ¢/ (z) = n~'/(z/n), and therefore
[l (z)| x| < n~tC2n = 2C,
where C is a bound on %’. Similarly,
[ (@) |z* < C,

where C is determined by a bound on 1”. These bounds will be used repeatedly
in the sequel without further mention.

Proof. Equation (0.11) in It6 form is
dW™ = ¢, (W™ )W"dB
1
5 LWL V™) o (W)W dB) W 4oy (W )i (W™ )W dB] dBB
=,(W")W"dB

k
> [ (W) (0, (W), W™ Aj) W™ A; + 2 (W)W AF] dt.
1=1

DO =

(0.12) +

By Proposition 1, Equation (0.12) implies that

t p/2 t p
IEsup|WT"|”,§1+]E(/ |W”|2d7-) —HE(/ |W”|d7->
T<t 0 0

t
§1+]E/ WP dr,
0
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for all t € [0,1]. An application of Gronwall’s inequality then shows that
Esup [W)'|P < Ce€,

7<1

where these constants are independent of n. Thus, there exists some finite constants
Cp so that

sup (Esup w717 ) < G,
neN <1
for all p € (1, 00).

Now let €™ := W™ — W (so W™ = W +¢™). Then

(0.13) de" = [, (W™)W" — W]dB
k
+;2 D (W) (UL (W), WP AN WA + (2(W™)W™ — W) A?] dt

Bound E|e™|P by applying Proposition 1 to each term in Equation (0.13). For the
first term,

E‘ /Ot[wn(W”)W"W] dB

t
<E /0 o (W)™ + (e (W) — WP dr

t p

(oo (W) (" + W) — W] dB
0

P
=E

t t
SE [ [wn (WP dr +B [ u (W) - 1P WP
0 0

Similarly, for the second term,
P

t
E / O (W)l (W™), W AYW™ A, dr
0

(W), (W), WA (™ + W As |

t
SE [ (W0, W) W+ W) dr
Ot t
SE [ WL p dr B [ o ovmweriwp
0 0
And finally,

‘/WW” W™ — WA} dr

p

—E‘/ [W2(W™)(e™ + W) — W]AZ dr
gE/ |2 (W™) (" + W) — W[ dr
0

t t
<E / W2 (WPl P dr + / 02 (W) — 1P| V[P dr.
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Bringing all of this together together gives
t
Esup [eX|P < C’]E/ [P dT + 00,
<t 0

for all t € [0,1], where (up to constant multiple)
t
0 = [ [ (W)~ APW P dr
0

t t
+1E/ [ln (W)W W) dT+E/ [gn (W) = 1P[WP dr.
0 0

Since |[¢], (W™)||W™] and |W| remain bounded, the dominated convergence theorem
implies that lim,, . 6, = 0. Thus, by Gronwall again,

Esup |[W" — W,|P = Esup |e"[P < 6, — 0,
<1 r<1

as n — OoQ. u

Proposition 9. Let W be the solution to Equation (0.1), and let W™ be the solution
to Equation (0.11). Then W™ € Dom(09p,) and

lim Esup |0, W] — 0, W,|P =0,

n—oo gy
for all p € (1, 00).
Proof. As in Proposition 4, 9, W™ satisfies the It6 equation

A(ORW™) = [(W (W), W™ W™ 4 b, (W) (8, W™)] dB + 46, (W™ W™ dH
(W, (W), 9T (4, (W), W A) W A,
o, (W) () (W), 0, W™ @ WTA;)) W™ A;
(W) (1, (W), (8, W) As) WA, dt.
(W) (0 (W), WA (3, W) A,
20 (W) (0, (W), DTV WHAZ 42 (W)(9, W) A2

Recall also that

+
N —
iM-

1
A(OW) = (O4W)dB + WdH + - (0, W) A2 dt.
Let " := 9, W"™ — 90,W. Then

de™ = [(W, (W), 0, W") W™ + (b (W) (O W) — (0, W))] dB
+ [ (WMW™ — W] dH

(O (W), L") (i, (W), W™ Aj) WTA;
K FYn(W") (W (W), 0, W @ W A;) WA,
U (W) (UL, (W), (0 W) As) W A; dt.
=1 o (W) (0, (W), W™ Aq) (0 W) A
+ 200 (W) (1, (W), 0, W™) WHAZ + [ (WO W™ — 0, W] A

+

DN =

7
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That is,

(0.14) de" = (@, (W"),0,W™) W"dB

n

+ W (W) (O,W™) — (0,W)]dB + [ (W™ )W™ — W]dH

k
+ 5 2 [Fa(@W™) + [WR (WM OW™ — 0, WAF] dt,

=1

N | =

Do(A) =D [(r, (W), A) (), (W), W"A;) W™ A
i=1
+ P (W) (Y (W), A@ W A) W™ Ay + b (W) (¢, (W), AA;) W A;
+ o (W™) (hy, (W), W™ A;) AA; + 20, (W™) (4L, (W), A) W™ A7 ]
satisfies the bound

(0.15) Lol S [ (W)W [, (WW™ ]+ g, (W) 2w 2.

Work through (0.14) term by term to bound E|e™|P, again using Proposition (1):
For the first term in the sum,

t p t
E / (WL (W™, W™y W dB| <E / (WL (W™, & + 0 W) WP dr
0 0

t t
<E / " Pdr + E / [, (W™) [0 W[ P dor.
0 0

Considering the second term,

t
IE/ [ (WM™ — 0, W] dB
0

p t
<E / o (W) (™ + O4W) — [P dr
0

t t
gE/ |5"\Pdr—HE/ o (W) — 170, WP dr.
0 0

For the third term, note that

p

t
E / [ (WHYW™ — W]dH| = C|H|?,Esup [ (WHWE — W, |7
0 7<1

and

Esup [¢n (W)W — We|P = Esup [ (W) (Wi + (W] = W3)) = W[

7<1

< Bsup ([0 (W2) = 1PIW 7 + [0, (WE)"[IWF = W P?) =0,
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as n — 00, by Proposition 7 and dominated convergence. Using the bound in (0.15)
on the fourth term,

t P
E’/ T, (0, W™) dr
0
t
g]E/ |le"|P dr
0

t 2 2 P
+E / (I W) W2 4 g, (W) W+ [, (W) P (W) |0, WP dr.

p

t
) / T, (e + 0, W) dr
0

Finally, for the last term,

p
‘/ Z(W™MoRW™ — 0,W] A? dr gE/ (2 (W) (" + 0 W) — 0, W|" dr

t
51@/ |e"|pdT+E/ W2 (W) — 1[0, WP dr.
0 0
Putting this all together shows
t
Esup |ef'|P < C’E/ [e™|PdT + 0,
<t 0

for all ¢t € [0, 1], where

t t
5, =E / [, (W) P |0, WP [ W™ Pdr + E / [n (W) — 1710 W [P dr
0 0

t p

YE| [ W (WW" — W] dH
0

! " n n|2 ’ n n ’ ny2 n12\?
E/ (e W2 4 [l W) W 4 [, (W) P (W ) ou WP dr

t
+]E/ |2 (W™) = 1|P|0, W |P dr.
0

Again using Remark 8, lim,, . 6, = 0, by the dominated convergence theorem.
Thus, another application of Gronwall’s inequality shows that
Esup |ahW7? - ahVV'r|p = Esup |€'rrl|p < 5nec - 07
7<1 7<1

as n — OQ. u
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