
SOME CONVERGENCE ARGUMENTS FOR MATRIX
GROUP-VALUED SDE SOLUTIONS

TAI MELCHER

This note is a collection of standard convergence results in a matrix group setting
which are necessary to resolve certain convergence issues on Lie groups in Section
3 of the paper [5]. For all notation, please see this reference.

The following standard proposition will be used in the sequel; see for example
Driver [1].

Proposition 1. Suppose p ∈ [2,∞), αt is a predictable Rd–valued process, At is a
predictable Hom(g0,Rd)–valued process, and

Yt :=
∫ t

0

Aτ d~bτ +
∫ t

0

ατ dτ =
∫ t

0

AτXi db
i
τ +

∫ t

0

ατ dτ,

where {b1, . . . , bk} are k independent real Brownian motions. Then

E sup
τ≤t

|Yτ |p ≤ Cp

{
E
(∫ t

0

|Aτ |2 dτ
)p/2

+ E
(∫ t

0

|ατ | dτ
)p
}
,

where

|A|2 = tr(AA∗) =
n∑

i=1

(AA∗)ii =
∑
i,j

AijAij = tr(A∗A).

Notation 2. Let δn denote constants such that limn→∞ δn = 0. Also, write f . g,
if there is a positive constant C so that f ≤ Cg.

Let M = End(g) and Ai = adXi ∈M , for i = 1, . . . , k. Further, let B := Ai b
i =

adXi
bi = ad~b, where {bi}k

i=1 is a set of independent real-valued Brownian motions,
and let H := Ai h

i = adXi h
i, where h = (h1, . . . , hk) is a fixed element of H .

Proposition 3. Let W : [0, 1] × W → M denote the solution to the Stratonovich
differential equations

(0.1) dW = W ◦ dB = W dB +
1
2

k∑
i=1

WA2
i dt, with W0 = I,

and let W s : [0, 1]2 ×W →M denote the solution to the equation

(0.2) dW s = W s (◦dB + sdH) , with W s
0 = I.
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Then
lim
s↓0

E sup
τ≤1

|W s
τ −Wτ |p = 0,

for all p ∈ (1,∞).

Proof. Writing Equation (0.2) in Itô form gives

dW s = W sdB +
1
2

k∑
i=1

W sA2
i dt+ sW sdH.

Then by Proposition 1, for any s ∈ [0, 1],

E sup
τ≤1

|W s
τ |p . 1 + E

(∫ t

0

|W s
τ |2 dτ

)p/2

+ E
(∫ t

0

|W s
τ | dτ

)p

. 1 + E
∫ t

0

|W s
τ |p dτ,

for all t ∈ [0, 1]. An application of Gronwall’s inequality then shows that

E sup
τ≤1

|W s
τ |p ≤ CeC ,

where these constants are independent of s; that is, there exists some finite constant
Cp such that

sup
s∈[0,1]

(
E sup

τ≤1
|W s

τ |p
)
≤ Cp,

for all p ∈ (1,∞).
Now let εs := W s −W . Then from Equation (0.1), εs satisfies

dεs = (W s −W )dB +
1
2

k∑
i=1

(W s −W )A2
i dt+ sW sdH

= εsdB +
1
2

k∑
i=1

εsA2
i dt+ sW sdH.

Then applying Proposition 1 gives

E sup
τ≤1

|εs
τ |p .

∫ t

0

|εs|pdτ + δs,

for all t ∈ [0, 1], where

δs =
k∑

i=1

∫ t

0

sp
∣∣∣W sḣi

∣∣∣p dτ → 0,

as s ↓ 0, by the dominated convergence theorem. Thus, by Gronwall’s inequality,

E sup
τ≤1

|W s
τ −Wτ |p = E sup

τ≤1
|εs

τ |p ≤ δse
C → 0,

as s ↓ 0, for all p ∈ (1,∞).
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Proposition 4. Let W be the solution to Equation (0.1). Then Wt ∈ D∞(End(g)),
for all t ∈ [0, 1], and ∂hW : [0, 1]×W →M solves the equation

(0.3) ∂hWt =
(∫ t

0

Wτ ḢW
−1
τ dτ

)
Wt.

Furthermore, if W s is the solution to Equation (0.2), then

lim
s↓0

E sup
τ≤1

∣∣∣∣W s
τ −Wτ

s
− ∂hWτ

∣∣∣∣p = 0,

for all p ∈ (1,∞).

Proof. Note that W = Adξ satisfies the Stratonovich stochastic differential
equation

dAdξ = Adξ ◦ addb = Adξ adXi
◦dbi,

a linear differential equation with smooth coefficients. Then by Theorem V-10.1 of
Ikeda and Watanabe [4], Wt = Adξt

∈ D∞(End(g)) componentwise with respect to
some basis.

Now let Ψ : [0, 1]×W →M denote the solution to the equation

dΨ = ΨW ◦ dB +WdH = ΨWdB +
1
2

k∑
i=1

ΨA2
i dt+WdH,

with Ψ0 = 0. Let εs :=
(

W s−W
s −Ψ

)
. Then

dεs =
(
W s −W

s
−Ψ

)
dB +

1
2

k∑
i=1

(
W s −W

s
−Ψ

)
A2

i dt+ (W s −W )dH

= εsdB +
1
2

k∑
i=1

εsA2
i dt+ (W s −W )dH.

By Proposition 1, this implies that

E sup
τ≤t

|εs
τ |p .

∫ t

0

|εs|pdτ + δs,

for all t ∈ [0, 1], where

δs =
k∑

i=1

∫ t

0

∣∣∣(W s −W )ḣi
∣∣∣p dτ → 0,

as s ↓ 0, by Proposition 3 and the dominated convergence theorem. An application
of Gronwall’s inequality then gives

E sup
τ≤1

∣∣∣∣W s
τ −Wτ

s
−Ψτ

∣∣∣∣p = E sup
τ≤1

|εs
τ |p ≤ δse

C → 0,

as s ↓ 0, for all p ∈ (1,∞).
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By Theorem VIII.2B of Elworthy [2], there exists a modification of W s
t so that

the mapping s 7→ W s
t is smooth. Let F ∈ S be a smooth cylinder function on W .

By the above convergence,

d

ds

∣∣∣∣
0

E [W s
t F ] = E[ΨtF ].

Consider also
d

ds

∣∣∣∣
0

E [W s
t F ] =

∫
d

ds

∣∣∣∣
0

Wt(b+ sh)F (b) dµ(b)

=
∫
Wt(b)

d

ds

∣∣∣∣
0

F (b− sh) dµ(b− sh)

=
∫
Wt(b)

[
−∂hF (b) +

(∫ 1

0

ḣs · dbs
)
F (b)

]
dµ(b) = E[Wt∂

∗
hF ];

where the third equality follows from differentiating the shifted measure, and the
final equality follows from a standard integration by parts (see for example Theo-
rems 8.1.1 and 8.22 of Hsu [3]. This then implies that E[ΨtF ] = E[Wt∂

∗
hF ], and so

∂hWt = Ψt. Thus, ∂hW satisfies the differential equation

d(∂hW ) = ∂hW ◦ dB +WdH,

with ∂hW0 = 0. Equation (0.3) then follows from an application of Duhamel’s
principle.

Proposition 5. Let W be the solution to Equation (0.1), and let W : [0, 1]×W →
End(g) be given by

W t :=
∫ t

0

Wτ dτ.

Then W ∈ D∞(H (End(g))) (see Remark 6).

Remark 6. Since End(g) ∼= RN for some N , H (End(g)) ∼= H (RN ).

Proof. Let V = W−1 : [0, 1] × W → End(g). By differentiating the identity
WtW

−1
t = I, one may verify that V satisfies the differential equation

dV = − ◦ dB V = −AiV ◦ dbi, with V0 = I.

Let V s
t : [0, 1]2 ×W → End(g) denote the solution to the equation

(0.4) dV s
t = −(◦dB + sdH)V s

t = −AiV
s
t ◦ dbit − sAiV

s
t ḣ

i
tdt, with V s

0 = I.

By the same arguments as in Propositions 3 and 4,

(0.5) lim
s↓0

E sup
τ≤1

|V s
τ − Vτ |p = 0,

(0.6) ∂hVt = −Vt

∫ t

0

V −1
τ ḢVτ dτ = −Vt

∫ t

0

Wτ ḢVτ dτ,
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and

(0.7) lim
s↓0

E sup
τ≤1

∣∣∣∣V s
τ − Vτ

s
− ∂hVτ

∣∣∣∣p = 0,

for all p ∈ (1,∞). From the proof of Proposition 3, there exists a finite constant
Cp such that

sup
s∈[0,1]

(
sup
τ≤1

E|W s
τ |p
)
≤ Cp,

for all p ∈ (1,∞). By a similar proof,

sup
s∈[0,1]

(
sup
τ≤1

E|V s
τ |p
)
≤ Cp,

for all p ∈ (1,∞).
Now let Ws,t := VsWt. Note that W−1

s,t = Wt,s, and Ws,tWt,u = Ws,u. By the
above bounds on W and V , there exist finite constants Cp such that

(0.8) sup
τ1,τ2≤t

E|Wτ1,τ2 |p ≤ Cp,

for all p ∈ (1,∞). Using this notation and Equation (0.3),

∂hWt =
(∫ t

0

WτAiW
−1
τ ḣi

τ dτ

)
Wt

=
∫
{0≤τ≤t}

WτAiWτ,tḣ
i
τ dτ,

(0.9)

and so, for t1 ≤ t and α1 = 1 . . . , k,

(0.10) [Dt1Wt]α1 =
∫
{0≤τ≤t1}

WτAα1Wτ,t dτ,

where, for F ∈ End(g), F =
∑k

i=1 F
i ⊗Ai. For t1 > t, Dt1Wt = 0.

Let r ∈ N. For {t1, . . . , tr} ⊂ [0, 1] and multi-index α = (α1, . . . , αr) ⊂
{1, . . . , k}r, let Dr,α

tr,...,t1Wt denote the αth component of Dr
tr,...,t1Wt; that is,

Dr,α
tr,...,t1Wt := [Dtr

[· · · [Dt2 [Dt1Wt]α1 ]α2 · · · ]αr .

Now show that the following properties hold for any integer r ≥ 1:

(P1) For any p ∈ (1,∞) and multi-index α, Wt ∈ Dr,p(End(g)) and

sup
{t1,...,tr}∈[0,1]

E|Dr,α
tr,...,t1Wt|p <∞.

(P2) Let T := min{t1, . . . , tr}. If T ≤ t, then the rth derivative of Wt satisfies the
linear differential equation

Dr,α
tr,...,t1Wt =

∫
[0,T ]r

WT1AJ1WT1,T2AJ2 · · ·WTr−1,Tr
AJr

WTr,t dτr · · · dτ1,

where Ti denotes the ith smallest element of the set {τ1, . . . , τr}, and Ji denotes
the index corresponding to Ti (that is, Ji :=

∑r
l=1 1{Ti=τl}αl). If T > t, then
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Dr
t1,...,tr

Wt = 0.

By Equation (0.10), the above holds for r = 1. Now assume that these properties
hold up to and including order r. Note that Equations (0.6) and (0.9) imply that

∂hWs,t = (∂hVs)Wt + Vs(∂hWt)

= −Vs

(∫ s

0

WτAiVτ ḣ
i
τ dτ

)
Wt + Vs

(∫ t

0

WτAiVτ ḣ
i
τ dτ

)
Wt

=
∫
{s≤τ≤t}

Ws,τAiWτ,tḣ
i
τ dτ.

Let W s denote the solution to Equation (0.2), and V s denote the solution to (0.4).
Then, for W s

τ1,τ2
= V s

τ1
W s

τ2
,∣∣∣∣W s

τ1,τ2
−Wτ1,τ2

s
− ∂hWτ1,τ2

∣∣∣∣
=
∣∣∣∣V s

τ1

W s
τ2
−Wτ2

s
− Vτ1(∂hWτ2) +

V s
τ1
− Vτ1

s
Wτ2 − (∂hVτ1)Wτ2

∣∣∣∣
≤
∣∣V s

τ1
− Vτ1

∣∣ ∣∣∣∣W s
τ2
−Wτ2

s

∣∣∣∣+ |Vτ1 |
∣∣∣∣W s

τ2
−Wτ2

s
− (∂hWτ2)

∣∣∣∣
+
∣∣∣∣V s

τ1
− Vτ1

s
− (∂hVτ1)

∣∣∣∣ |Wτ2 | ,

and thus Proposition 4 and Equations (0.5) and (0.7) imply that

lim
s↓0

sup
τ1,τ2≤t

E
∣∣∣∣W s

τ1,τ2
−Wτ1,τ2

s
− ∂hWτ1,τ2

∣∣∣∣p = 0.

So for a1, a2, b1, b2 ∈ [0, 1],

lim
s↓0

E
∣∣∣∣ ∫ b2

a2

∫ b1

a1

W s
τ1,τ2

−Wτ1,τ2

s
dτ1 dτ2 −

∫ b2

a2

∫ b1

a1

∂hWτ1,τ2 dτ1 dτ2

∣∣∣∣p
≤ lim

s↓0
E
∫ b2

a2

∫ b1

a1

∣∣∣∣W s
τ1,τ2

−Wτ1,τ2

s
− ∂hWτ1,τ2

∣∣∣∣p dτ1 dτ2
= E

∫ b2

a2

∫ b1

a1

lim
s↓0

∣∣∣∣W s
τ1,τ2

−Wτ1,τ2

s
− ∂hWτ1,τ2

∣∣∣∣p dτ1 dτ2 = 0,

by dominated convergence. Thus,

∂h

(∫ b2

a2

∫ b1

a1

Wτ1,τ2 dτ1 dτ2

)
=
∫ b2

a2

∫ b1

a1

(∂hWτ1,τ2) dτ1 dτ2.
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Performing similar estimates shows that

∂hD
r,α
tr,...,t1

=
∫

[0,T ]r

[
(∂hWT1)AJ1WT1,T2AJ2 · · ·WTr−1,Tr

AJr
WTr,t

+WT1AJ1(∂hWT1,T2)AJ2 · · ·WTr−1,TrAJrWTr,t

+ · · ·+WT1AJ1WT1,T2AJ2 · · · (∂hWTr−1,Tr
)AJr

WTr,t

+WT1AJ1WT1,T2AJ2 · · ·WTr−1,Tr
AJr

(∂hWTr,t)
]
dτr · · · dτ1

=
∫

[0,T ]r

[ ∫
{0≤τr+1≤T1}

Wτr+1Aαr+1Wτr+1,T1AJ1WT1,T2AJ2 · · ·WTr−1,TrAJrWTr,t

+
∫
{T1≤τr+1≤T2}

WT1AJ1WT1,τr+1Aαr+1Wτr+1,T2AJ2 · · ·WTr−1,TrAJrWTr,t

+ · · ·+
∫
{Tr−1≤τr+1≤Tr}

WT1AJ1WT1,T2AJ2 · · ·WTr−1,τr+1Aαr+1Wτr+1,TrAJrWTr,t

+
∫
{Tr≤τr+1≤t}

WT1AJ1WT1,T2AJ2 · · ·WTr−1,Tr
AJr

WTr,τr+1Aαr+1Wτr+1,t

]
× ḣαr+1

τr+1
dτr+1 dτr · · · dτ1,

which implies exactly that (P2) holds for r + 1, since

{0 ≤ τr+1 ≤ T1}, {T1 ≤ τr+1 ≤ T2}, · · · , {Tr−1 ≤ τr+1 ≤ Tr}, {Tr ≤ τr+1 ≤ t}

partitions the set [0, t]. Clearly, this also implies that, for all tr+1 ∈ [0, 1] and
αr+1 = 1, . . . , k, [Dtr+1D

r,α
tr,...,t1 ]

αr+1 ∈ Lp(µ) for all p ∈ (1,∞), by Equation (0.8),
and so Wt ∈ Dr+1,p(End(g)).

Now, for W t =
∫ t

0
Wτ dτ , the above arguments imply that

∂hW t =
∫ t

0

∂hWτ dτ =
∫ t

0

∫
{0≤τ1≤τ}

Wτ1Aα1Wτ1,τ ḣ
α1
τ1
dτ1 dτ

and, for t1 ≤ t and α1 = 1, . . . , k,

[Dt1W t]α1 =
∫ t

0

∫
{0≤τ1≤τ∧t1}

Wτ1Aα1Wτ1,τ dτ1 dτ.

Let r ∈ N. For any {t1, . . . , tr} ⊂ [0, 1] and multindex α = (α1, . . . , αr), let
Dr,α

t1,...,tr
W t be the αth component of Dr

t1,...,tr
W t; that is,

Dr,α
tr,...,t1W t := [Dtr [· · · [Dt2 [Dt1W t]α1 ]α2 ] · · · ]αr .
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Then working as above,

Dr,α
tr,...,t1W t =

∫ t

0

∫
[0,T∧τ ]r

WT1AJ1WT1,T2AJ2 · · ·WTr−1,TrAJrWTr,τ dτr · · · dτ1 dτ

=
∫ t

0

Dr,α
tr,...,t1Wτ dτ,

and since Wτ satisfies (P1) for all τ ∈ [0, t], W ∈ Dr,p(H (End(g))), for all r ∈ N
and p ∈ (1,∞).

Proposition 7. Let ψ ∈ C∞c (M) such that ψ = 1 near I and ψ(x) = 0 if |x| ≥ 2,
where | · | is the distance from I with respect to any metric on M . For any n ∈ N,
define ψn(x) := ψ(x/n), and, for any A ∈ M , define 〈ψ′(x), A〉 := d

dt

∣∣
0
ψ(x + tA).

Let W denote the solution to Equation (0.1), and let Wn : [0, 1]×W →M denote
the solution to the Stratonovich differential equation

(0.11) dWn = ψn(Wn)Wn ◦ dB, with Wn
0 = I.

Then
lim

n→∞
E sup

τ≤1
|Wn

τ −Wτ |p = 0,

for all p ∈ (1,∞).

Remark 8. Notice that ψ′n(x) = n−1ψ′(x/n), and therefore

|ψ′n(x)| |x| ≤ n−1C2n = 2C,

where C is a bound on ψ′. Similarly,

|ψ′′n(x)| |x|2 ≤ C,

where C is determined by a bound on ψ′′. These bounds will be used repeatedly
in the sequel without further mention.

Proof. Equation (0.11) in Itô form is

dWn = ψn(Wn)WndB

+
1
2

[〈ψ′n(Wn), ψn(Wn)WndB〉Wn + ψn(Wn)ψn(Wn)Wn dB] dB

= ψn(Wn)WndB

+
1
2

k∑
i=1

[
ψn(Wn) 〈ψ′n(Wn),WnAi〉WnAi + ψ2

n(Wn)WnA2
i

]
dt.(0.12)

By Proposition 1, Equation (0.12) implies that

E sup
τ≤t

|Wn
τ |p . 1 + E

(∫ t

0

|Wn|2 dτ
)p/2

+ E
(∫ t

0

|Wn| dτ
)p

. 1 + E
∫ t

0

|Wn|p dτ,
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for all t ∈ [0, 1]. An application of Gronwall’s inequality then shows that

E sup
τ≤1

|Wn
τ |p ≤ CeC ,

where these constants are independent of n. Thus, there exists some finite constants
Cp so that

sup
n∈N

(
E sup

τ≤1
|Wn

τ |p
)
≤ Cp,

for all p ∈ (1,∞).
Now let εn := Wn −W (so Wn = W + εn). Then

(0.13) dεn = [ψn(Wn)Wn −W ] dB

+
1
2

k∑
i=1

[
ψn(Wn) 〈ψ′n(Wn),WnAi〉WnAi +

(
ψ2

n(Wn)Wn −W
)
A2

i

]
dt.

Bound E|εn|p by applying Proposition 1 to each term in Equation (0.13). For the
first term,

E
∣∣∣∣ ∫ t

0

[ψn(Wn)Wn−W ] dB
∣∣∣∣p = E

∣∣∣∣∫ t

0

[ψn(Wn)(εn +W )−W ] dB
∣∣∣∣p

. E
∫ t

0

|ψn(Wn)εn + (ψn(Wn)− 1)W |p dτ

. E
∫ t

0

|ψn(Wn)|p|εn|p dτ + E
∫ t

0

|ψn(Wn)− 1|p|W |p dτ.

Similarly, for the second term,

E
∣∣∣∣ ∫ t

0

ψn(Wn)〈ψ′n(Wn),WnAi〉WnAi dτ

∣∣∣∣p
= E

∣∣∣∣ ∫ t

0

ψn(Wn)〈ψ′n(Wn),WnAi〉(εn +W )Ai dτ

∣∣∣∣p
. E

∫ t

0

[|ψn(Wn)||ψ′n(Wn)||Wn||εn +W |]p dτ

. E
∫ t

0

[|ψ′n(Wn)||Wn|]p |εn|p dτ + E
∫ t

0

[|ψ′n(Wn)||Wn||W |]p dτ.

And finally,

E
∣∣∣∣ ∫ t

0

[ψ2
n(Wn)Wn −W ]A2

i dτ

∣∣∣∣p = E
∣∣∣∣ ∫ t

0

[ψ2
n(Wn)(εn +W )−W ]A2

i dτ

∣∣∣∣p
. E

∫ t

0

∣∣ψ2
n(Wn)(εn +W )−W

∣∣p dτ
. E

∫ t

0

|ψ2
n(Wn)|p|εn|p dτ + E

∫ t

0

|ψ2
n(Wn)− 1|p|W |p dτ.
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Bringing all of this together together gives

E sup
τ≤t

|εn
τ |p ≤ CE

∫ t

0

|εn|p dτ + δn,

for all t ∈ [0, 1], where (up to constant multiple)

δn = E
∫ t

0

|ψn(Wn)− 1|p|W |p dτ

+ E
∫ t

0

[|ψ′n(Wn)||Wn||W |]p dτ + E
∫ t

0

|ψ2
n(Wn)− 1|p|W |p dτ.

Since |ψ′n(Wn)||Wn| and |W | remain bounded, the dominated convergence theorem
implies that limn→∞ δn = 0. Thus, by Gronwall again,

E sup
τ≤1

|Wn
τ −Wτ |p = E sup

τ≤1
|εn

τ |p ≤ δne
C → 0,

as n→∞.

Proposition 9. Let W be the solution to Equation (0.1), and let Wn be the solution
to Equation (0.11). Then Wn ∈ Dom(∂h) and

lim
n→∞

E sup
τ≤1

|∂hW
n
τ − ∂hWτ |p = 0,

for all p ∈ (1,∞).

Proof. As in Proposition 4, ∂hW
n satisfies the Itô equation

d(∂hW
n) = [〈ψ′n(Wn), ∂hW

n〉Wn + ψn(Wn)(∂hW
n)] dB + ψn(Wn)WndH

+
1
2

k∑
i=1


〈ψ′n(Wn), ∂hW

n〉 〈ψ′n(Wn),WnAi〉WnAi

+ψn(Wn) 〈ψ′′n (Wn) , ∂hW
n ⊗WnAi〉WnAi

+ψn(Wn) 〈ψ′n(Wn), (∂hW
n)Ai〉WnAi

+ψn(Wn) 〈ψ′n(Wn),WnAi〉 (∂hW
n)Ai

+2ψn(Wn) 〈ψ′n(Wn), ∂hW
n〉WnA2

i + ψ2
n(Wn)(∂hW

n)A2
i

 dt.
Recall also that

d(∂hW ) = (∂hW )dB +WdH +
1
2
(∂hW )A2

i dt.

Let εn := ∂hW
n − ∂hW . Then

dεn = [〈ψ′n(Wn), ∂hW
n〉Wn + (ψn(Wn)(∂hW

n)− (∂hW ))] dB

+ [ψn(Wn)Wn −W ] dH

+
1
2

k∑
i=1


〈ψ′n(Wn), ∂hW

n〉 〈ψ′n(Wn),WnAi〉WnAi

+ψn(Wn) 〈ψ′′n(Wn), ∂hW
n ⊗WnAi〉WnAi

+ψn(Wn) 〈ψ′n(Wn), (∂hW
n)Ai〉WnAi

+ψn (Wn) 〈ψ′n(Wn),WnAi〉 (∂hW
n)Ai

+2ψn(Wn) 〈ψ′n(Wn), ∂hW
n〉WnA2

i +
[
ψ2

n(Wn)∂hW
n − ∂hW

]
A2

i

 dt.
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That is,

(0.14) dεn = 〈ψ′n(Wn), ∂hW
n〉WndB

+ [ψn(Wn)(∂hW
n)− (∂hW )]dB + [ψn(Wn)Wn −W ]dH

+
1
2

k∑
i=1

[
Γn(∂hW

n) + [ψ2
n(Wn)∂hW

n − ∂hW ]A2
i

]
dt,

where

Γn(A) =
k∑

i=1

[〈ψ′n(Wn), A〉 〈ψ′n(Wn),WnAi〉WnAi

+ ψn(Wn) 〈ψ′′n(Wn), A⊗WnAi〉WnAi + ψn(Wn) 〈ψ′n(Wn), AAi〉WnAi

+ψn(Wn) 〈ψ′n(Wn),WnAi〉AAi + 2ψn(Wn) 〈ψ′n(Wn), A〉WnA2
i

]
satisfies the bound

(0.15) |Γn| . |ψ′′n(Wn)||Wn|2 + |ψ′n(Wn)||Wn|+ |ψ′n(Wn)|2|Wn|2.

Work through (0.14) term by term to bound E|εn|p, again using Proposition (1):
For the first term in the sum,

E
∣∣∣∣∫ t

0

〈ψ′n(Wn), ∂hW
n〉Wn dB

∣∣∣∣p . E
∫ t

0

|〈ψ′n(Wn), εn + ∂hW 〉Wn|p dτ

. E
∫ t

0

|εn|pdτ + E
∫ t

0

[|ψ′n(Wn)||∂hW ||Wn|]p dτ.

Considering the second term,

E
∣∣∣∣ ∫ t

0

[ψn(Wn)∂hW
n − ∂hW ] dB

∣∣∣∣p . E
∫ t

0

|ψn(Wn)(εn + ∂hW )− ∂hW |p dτ

. E
∫ t

0

|εn|pdτ + E
∫ t

0

|ψn(Wn)− 1|p|∂hW |p dτ.

For the third term, note that

E
∣∣∣∣∫ t

0

[ψn(Wn)Wn −W ] dH
∣∣∣∣p = C‖H‖p

H E sup
τ≤1

|ψn(Wn
τ )Wn

τ −Wτ |p

and

E sup
τ≤1

|ψn(Wn
τ )Wn

τ −Wτ |p = E sup
τ≤1

|ψn(Wn
t )(Wt + (Wn

t −Wt))−Wt|p

≤ E sup
τ≤1

(|ψn(Wn
τ )− 1|p|Wτ |p + |ψn(Wn

τ )|n|Wn
τ −Wτ |p) → 0,
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as n→∞, by Proposition 7 and dominated convergence. Using the bound in (0.15)
on the fourth term,

E
∣∣∣∣ ∫ t

0

Γn(∂hW
n) dτ

∣∣∣∣p = E
∣∣∣∣∫ t

0

Γn(εn + ∂hW ) dτ
∣∣∣∣p

. E
∫ t

0

|εn|p dτ

+ E
∫ t

0

(
|ψ′′n(Wn)||Wn|2 + |ψ′n(Wn)||Wn|+ |ψ′n(Wn)|2 |Wn|2

)p

|∂hW |p dτ.

Finally, for the last term,

E
∣∣∣∣∫ t

0

[
ψ2

n(Wn)∂hW
n − ∂hW

]
A2

i dτ

∣∣∣∣p . E
∫ t

0

∣∣ψ2
n(Wn)(εn + ∂hW )− ∂hW

∣∣p dτ
. E

∫ t

0

|εn|pdτ + E
∫ t

0

|ψ2
n(Wn)− 1|p|∂hW |p dτ.

Putting this all together shows

E sup
τ≤t

|εn
t |p ≤ CE

∫ t

0

|εn|pdτ + δn,

for all t ∈ [0, 1], where

δn = E
∫ t

0

|ψ′n(Wn)|p|∂hW |p|Wn|pdτ + E
∫ t

0

|ψn(Wn)− 1|p|∂hW |pdτ

+ E
∣∣∣∣∫ t

0

[ψn(Wn)Wn −W ] dH
∣∣∣∣p

+ E
∫ t

0

(
|ψ′′n(Wn)||Wn|2 + |ψ′n(Wn)||Wn|+ |ψ′n(Wn)|2 |Wn|2

)p

|∂hW |p dτ

+ E
∫ t

0

|ψ2
n(Wn)− 1|p|∂hW |p dτ.

Again using Remark 8, limn→∞ δn = 0, by the dominated convergence theorem.
Thus, another application of Gronwall’s inequality shows that

E sup
τ≤1

|∂hW
n
τ − ∂hWτ |p = E sup

τ≤1
|εn

τ |
p ≤ δne

C → 0,

as n→∞.
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