HEAT KERNEL ANALYSIS ON SEMI-INFINITE LIE GROUPS

TAI MELCHER

ABSTRACT. This paper studies Brownian motion and heat kernel measure on
a class of infinite dimensional Lie groups. We prove a Cameron-Martin type
quasi-invariance theorem for the heat kernel measure and give estimates on the
LP norms of the Radon-Nikodym derivatives. We also prove that a logarithmic
Sobolev inequality holds in this setting.

CONTENTS
1l.__Introductionl 1
|Acknowledgement.| 2
2 Proliminaricd 3
[2.1.  Abstract Wiener spaces| 3
2.2. xtensions of Lie algebras 3
3. Semi-infinite Lie algebras and groups| 5
7
3.2, Hilbert-Schmidt norms| 10
13.3.  Length and distance) 12
8.4, Riccl curvaturel 15
4. Brownian motionl 17
4.1. Multiple Ito integrals| 18
4.2. Brownian motion and finite dimensional approximations| 22
15.Heat kernel measurel 30
[5.1.  Quasi-invariance and Radon-Nikodym derivative estimates| 31
[5.2. Togarithmic Sobolev inequality] 32
[References 33

1. INTRODUCTION

We define Brownian motion on a class of infinite dimensional Lie groups which
we call semi-infinite Lie groups. We then prove a Cameron-Martin type quasi-
invariance result for the associated heat kernel measure, as well as a logarithmic
Sobolev inequality. A particular example of these semi-infinite Lie algebras was
treated in [I0], and we build on the methods used there.

We briefly describe here the main results and give an outline of the paper; see
Sections [2 and [3| for definitions. Let (W, H, ) be an abstract Wiener space and
v be a finite dimensional nilpotent Lie algebra equipped with an inner product.
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Let g = W @ v be a nilpotent Lie algebra extension of W by v, and we will call
gcnv = H ®v the Cameron-Martin Lie subalgebra of g. Since g is nilpotent, we may
define an explicit group operation on g via the Baker-Campbell-Hausdorff-Dynkin
formula, and W @ v equipped with this group operation will be denoted by G.
Similarly, Goyr = H @ v with the same group operation is called the Cameron-
Martin subgroup of G, and we equip G¢ps with the left invariant Riemannian
metric which agrees with the inner product

<(A7a)7 (Bvb)>gczu - <AvB>H + <a’b>0

on gom = TeGonm-

In Section [2| we set the notation and give some standard facts needed about
abstract Wiener spaces and extensions of Lie algebras. In Section |3}, we construct
(nilpotent) semi-infinite Lie algebras and give some examples. We make some
additional requirements so that the Lie bracket on g is continuous, making g into a
Banach Lie algebra. In Section this continuity gives bounded Hilbert-Schmidt
norms for the Lie bracket, and, in Section lower bounds on the Ricci curvature
of G and a uniform lower bound on certain finite dimensional approximations of G.

In Section [d] we define Brownian motion on G as the solution to a stochastic
differential equation with respect to a Wiener process on g. For a sketch of this
construction, let By denote Brownian motion on g. Then, Brownian motion on G
is the solution to the Stratonovich stochastic differential equation

5gt = 0t 5Bt = Lgt*§Bt> with go —€e = (070)

(Note that here and throughout this paper, dg; and 0B; denote Stratonovich dif-
ferentials.) For ¢ > 0, let A, (¢) denote the simplex in R™ given by

{s=1(s1,"",8,) ER": 0 < 81 <89 <+ <8, <t}
Let S,, denote the permutation group on (1,---,n), and, for each o € S, let
e(o) denote the number of “errors” in the ordering (o(1),0(2), - ,0(n)), that is,

e(oc) = #{j <n:0(j) > o(j +1)}. Then the Brownian motion on G may be
written as

i-5 Y (o o [ ]) BB 8B )L 65

n=1c0€eS,
where this sum is finite since g is assumed to be nilpotent. In Section[d] we show that
these stochastic integrals are well-defined and each may be expressed as a sum of
iterated Ito integrals. We also show that g; may be realized as a limit of Brownian
motions living on the finite dimensional approximations to G. In particular, we
show in Proposition that this convergence holds in LP, for all p € [1, 00).

In Theorem we apply the previous results and a theorem from [I1] to prove
that vy = Law(g) is invariant under (right or left) translation by elements of
Gcon- Moreover, this theorem gives good bounds on the LP-norms of the Radon-
Nikodym derivatives. These results are important for future applications to spaces
of holomorphic functions on G, as in [I12]. We also show in Theorem that a
logarithmic Sobolev inequality holds for polynomial cylinder functions on G.

For heat kernel analysis, quasi-invariance results, and logarithmic Sobolev in-
equalities in related infinite dimensional settings, see [T} [19].

Acknowledgement. The author thanks the anonymous referee for the careful
reading and the valuable comments and suggestions to improve this paper.
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2. PRELIMINARIES

2.1. Abstract Wiener spaces. In this section, we summarize several well known
properties of Gaussian measures and abstract Wiener spaces that are required for
the sequel. For proofs of these results, see Section 2 of [I0]. Also see [0, 2] for
more on abstract Wiener spaces and some particular examples.

Suppose that W is a real separable Banach space and By is the Borel o-algebra
on W.

Definition 2.1. A measure p on (W, By/) is called a (mean zero, non-degenerate)
Gaussian measure provided that its characteristic functional is given by

f(u) == / ) dp(z) = e~ 79w, for all u € W*,
w

for g = g, : W* x W* — R a symmetric, positive definite quadratic form. That is,
q is a real inner product on W*.

Theorem 2.2. Let p be a Gaussian measure on a real separable Banach space W.
For1 <p< oo, let

2.1) Cy= |y dutw)

Forwe W, let
g = sup —L
uew\{0} v/q(u, u)
and define the Cameron-Martin subspace H C W by
H:={heW:|h|lg < oo}
Then

(1) Foralll <p< oo, Cp < 0.

(2) H is a dense subspace of W.

(3) There exists a unique inner product {(-,-)g on H such that |h||% = (h,h) g
for all h € H, and H is a separable Hilbert space with respect to this inner
product.

(4) For any h € H, ||hllw < vCa|h -

(5) If {k;}32, is an orthonormal basis of H and ¢ is a bounded linear map
from W to a real Hilbert space C, then

(2.2) leli-ec = letk)IE = /W lp(w)[|& dpp(w) < 0.
j=1
A simple consequence of (2.2)) is that

(2:3) lel7ec < lelliv-ec /W [wlfydu(w) = Callelliy- -

2.2. Extensions of Lie algebras. Suppose v is a Lie algebra and Der(v) is the set
of derivations on v. That is, Der(v) consists of all linear maps p : b — v satisfying
Leibniz’s rule:

p([X,Y]o) = [p(X),Y]o + [X, p(Y)]o.

Der(v) forms a Lie algebra with Lie bracket defined by the commutator:
[p1, p2] = p1p2 — p2p1, for p1, p2 € Der(v).
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Der(b) is a subset of linear maps on v, so if b is a normed vector space, one may
equip Der(v) with the usual norm

(2.4) lpllo = sup{llp(X)[lo < [[ X0 =1}
Now suppose that h and v are Lie algebras, and that there is a linear mapping
a: h — Der(v)

and a skew-symmetric bilinear mapping
w:hxh—oo,

satisfying, for all X,Y, Z € b,

(B1) lax, ay] — aixy), = ady(xy)

and

(B2) > (axw(Y, Z) - w([X, Y]y, Z)) = 0.
cyclic

Then, one may verify that, for X1 + V1, Xo + Vo € h @ v,
[Xl + Vi,XQ + ‘/2}9 = [XhXQh] +w(X17X2) + 0[le2 — aX2V1 + [Vl, ‘/2]0

defines a Lie bracket on g := h @ v, and we say g is an extension of ) over v. That
is, g is the Lie algebra with ideal v and quotient algebra g/v = h. The associated
exact sequence is

0—p 2L g 2, h—0,
where ¢; is inclusion and 7y is projection. In fact, the following theorem (see, for
example, [2]) states that these are the only extensions of § over v.

Theorem 2.3. Isomorphism classes of extensions of § over v (that is, short exact
sequences of Lie algebras 0 — v — g — h — 0) modulo the equivalence described by
the commutative diagram of Lie algebra homomorphisms

0 b g b 0
idl ‘Pl idJ/
0 o g b 0,

correspond bijectively to equivalence classes of pairs of linear maps « : ) — Der(b)
and skew-symmetric bilinear maps w : h X h — v satisfying and , where
(a,w) = (o ,w') if there exists a linear b: h — v such that
oy = ax + ady(x),
and
G(X,Y)=w(X,Y)+axb(Y) —ayb(X) —b([X,Y]) + [6(X),b(Y)]o-
The corresponding isomorphism ¢ : g — ¢’ is given by p(X +V) =X —b(X)+ V.

When v = V is an abelian Lie algebra, these pairs consist of a Lie algebra
homomorphism « : h — gl(V) and w € H?(h,V), a Chevalley cohomology class
with coefficients in the h-module V (see [I6], Chapter 1, Sections 3.1 and 4.5).
For definitions and details on extensions of Lie algebras, see Section XIV.5 of [7].
Reference [2] also gives a nice (although unpublished) summary. Reference [28]
gives some conditions under which the extension of ) over v is nilpotent (when b
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and v are nilpotent); [24] gives a characterization of extensions of a Lie algebra over
a Heisenberg Lie algebra.

3. SEMI-INFINITE LIE ALGEBRAS AND GROUPS

Throughout the rest of this paper (W, H, ) will denote a real abstract Wiener
space, and v will denote a nilpotent Lie algebra with dim(v) = N < oo, equipped
with an inner product (-,), and a Lie bracket [-,-],. Since v is finite dimensional,
its bracket is necessarily continuous and there exists a constant ¢y < oo such that

11X Yo < col XTol[Y]lo,

for all X,Y € v. For simplicity, we will assume that ¢g = 1. Also, Der(n) will
denote the derivations of v, equipped with the norm defined in .

We will consider the vector spaces g := W @ v and gop := H @ v. Note that g
is a Banach space in the norm

[(w, v)llg == lwllw + [Jv]lo,
and gos is a Hilbert space with respect to the inner product
<(A7 a)? (B7 b)>QCM = <A7 B>H + <a7b>0'

The associated Hilbertian norm on geps is given by

104, &)llgerr = /N Al + llall3-

Motivated by the discussion in Section [2.2] we may consider W as an abelian Lie
algebra and construct extensions of W over v. So suppose there is a skew-symmetric
continuous bilinear mapping

w:WxW —v
and a continuous linear mapping
a: W — Der(v)
such that o and w satisfy and , which in this setting become
(C1) [ax, ay] = ady(x,y)
and
(C2) axw(Y,Z) + ayw(Z,X) + azw(X,Y) =0,

for all XY, Z € W. Then we may define a Lie algebra structure on g = W @ v via
the Lie bracket

(X1, V1), (X2, V2)]g := (0,w(X1, X2) + ax, Vo — ax, Vi + [V1, Valy).

Theorem [2.3] indicates that these are the only extensions of W over v. Since v is
nilpotent, we may choose w and « so that g is a nilpotent Lie algebra (see Section
for some examples). Thus, we make the following definition.

Definition 3.1. Let (W, H, ) be an abstract Wiener space and v a finite dimen-
sional nilpotent Lie algebra. Then g = W @b endowed with a Lie bracket satisfying

(1) [g,9] Cv,

(2) [,-]: g x g — g is continuous, and

(3) there exists r € N such that ad]’ =0, for all m > r and z € g
will be called a semi-infinite Lie algebra.

Each extension g will depend on (the equivalence class of) a given w and «.
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Notation 3.2. Let

lwllo := sup{[lw(w, wo)llo : lwillw = [lwalw =1}
and
ledjo := sup{[lawvllo : [[w]lw = [[v]o = 1}
be the uniform norms of w and «, which are finite by their assumed continuity.

It will be useful to note that

3-1) s Jllo := sup{ll[g1; galllo = [l91lla = llg2lls = 1} < llwllo + 2llallo + 1 < oo,
and similarly
(32)  C:=C(w,a) :=sup{|[[[h, klllo : [Pllgenr = Ikllgens =1} < [ -Jllo < o0

Thus, for all h, k € gowm,
ladiklle < C¥llllge IEllgen

gcm

ford{=1,---,r—1.
The Baker-Campbell-Hausdorff-Dynkin formula implies that

r—1
log(e“e®)= A+ B+ Z Z ab nadiladp - adtadf A,
k=1 (n,m)€Zy
for all A, B € g, where

K (="

(3.3) ar = ,

' (k+ )ymInl(n| + 1)
T == {(n,m) € Z% x Z% :n; + m; > 0 for all 1 <i < k}, and for each multi-index
n € Zk,

nl=mny!---ng!  and  |n|=ng+ -+ 0y
see, for example, [I5]. Since g is nilpotent of step r,
ad’'adt - -adFad* A =0 if [n|+ |m| >

for A, B € g. Since g is simply connected and nilpotent, the exponential map is a
global diffeomorphism (see, for example, Theorems 3.6.2 of [27] or 1.2.1 of [9]). In
particular, we may view g as both a Lie algebra and Lie group, and one may verify
that

r—1
(3.4) g-h=g+h+Y > af adiad) - adytad)™g
k=1 (n,m)€Zy

defines a group structure on g. Note that g~! = —g and the identity e = (0,0).

Definition 3.3. When we wish to emphasize the group structure on g, we will
denote g by G. Similarly, when we wish to view gops as a subgroup of G, it will be
denoted by G¢ps and will be called the Cameron-Martin subgroup.

Remark 3.4. Note that, for the purpose of making Definition [3.1] it is not really
necessary to assume the continuity of the bracket or that g be nilpotent. That is,
Definition is reasonable if v is a (not necessarily nilpotent) finite dimensional
Lie algebra and we only require that [g,g] C v. However, the group operation
given here, and, in fact, all subsequent results included in this paper, rely on the
nilpotence, and many results require the continuity of the bracket. Thus, we include
these assumptions in the definition above.
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Lemma 3.5. The Banach space topologies on g and gcpr make G and Geopy into
topological groups.

Proof. Since g and gcas are topological vector spaces, ¢ — ¢~ ' = —g and

(91,92) — g1 + g2 are continuous by definition. The map (g1,92) — [g1,92] is
continuous in both the g and goas topologies by the estimates in equations (3.1))
and (3.2)). It then follows from (3.4]) that (g1, g2) — g1 - g2 is continuous as well. m

3.1. Examples. In this section, we give a few simple examples of semi-infinite Lie
algebras.

Ezample 3.6. If v is a finite dimensional inner product space, we may consider b
as an abelian Lie algebra, and taking o = 0 yields the infinite dimensional (step 2,
stratified) Heisenberg like Lie algebras described in [10].

Ezample 3.7. Suppose v is an N-dimensional nilpotent Lie algebra. One standard
way to construct Lie algebra extensions is as follows. Let 3 : W — v be a continuous
linear map, and define a : W — Der(v) as the inner derivation ay := adg(x)-
In this case, and are both satisfied if w : W x W — v is given by
w(X,Y) = [B(X),B(Y)]s. Thus, g has Lie bracket

[(Xa V)a (Ya U)]E = (Oa [ﬁ(X)7ﬁ(Y)]U + [ﬁ(X)v U]U - [ﬁ(y)v V]U + [‘/v U]U)a

and, if v is nilpotent Lie algebra of step r, then g is nilpotent of step r.

One should note for this construction that, since (3 is linear, we have the decom-
position W = Nul(8) @ Nul(8)*, where dim(Nul(3)*) < dim(v) = N. Thus, for
X=X +X0, Y=Y +YocW,

w(X1 + X2, Y1 +Y2) = [B(X1 + X2), B(Y1 + Y2)] = [B(X2), B(Y2)],

and w is a map on Nul(8)* x Nul(3)1. Thus, [Nul(3), Nul(3)] = {0} and similarly
[Nul(5), 0] = {0}. So

g=W @o=Nul(3) ®Nul(f): ®o
is in a sense just an extension of the finite dimensional subspace Nul(3)* by v.

Ezxample 3.8. One can generalize the previous example by taking a linear map

B : W — b, where b is nilpotent Lie algebra, and constructing an extension of h by

a nilpotent Lie algebra. For the sake of a concrete example, consider the following.
Let

W =W(R?) ={0:1]0,1] — R?: ¢ is continuous and o(0) = 0}

and

1
H = {U € W : o is absolutely continuous and / lo(s)|? ds < oo} ,
0

so that (W, H) is classical Wiener space. Let v = R? be an abelian Lie algebra. Let
g = fol o(s)ds = (51,052,053), and define w : W x W — R? by
w(o,7) = (6172 — T102, 0273 — T203,0)
and a, : R? — R3 by
aq(z,y,2) = (0,0,51y — F32).
Then a,a, =0 and is trivially satisfied. Using that

axw(o,7) = (0,0,R1 (0273 — T203) — R3(01T2 — T102))
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one may verify that (C2)) is satisfied. Thus, the Lie bracket for this extension
g =W @ R3 is given by

[(o,v), (T,u)] = (0,61T2 — T102, T2T3 — ToG3, G1ug — 03U — T1V2 + T301),

[(Ka w)7 [(07 U)v (7—7 U)H = (0) 0,0,k (6277—3 - %26'3) - R3(5'1%2 - 77'15'2))7
and all higher order brackets are 0.
As an aside, note that the bracket in this extension is essentially defined as the
bracket of a linear Lie algebra, and the extension itself is analogous to a (standard)

construction of Ty = {4 x 4 strictly upper triangular matrices} as an extension of
R3 by R3. To see this, for A = (a,b,c) € R3, define the isomorphisms

0 a 00 0 0 a c
00 b O ~ 0 0 0 b =
flA) = 00 0 =A and g(4)= 00 0 0 = A.
00 00 0 0 0 0
Let U=R? and V = v = R3, and define w’ : U x U — g(V) by

and o : U xV — g(V) by
oy A = J(AYG(A) — g(A)F(A) = AX — A'A.

Thus, Ty = R® = U @ V with bracket determined by the pair (g7t ow’, g7 0 o).

In particular, for the extension g = W@R? as given in this example, we have that
1

w=g lowofand a =g toa’oB where 3: W — U is given by 3(c) = (71,52, 53).
Example 3.9. Consider v = R"@R as an abelian Lie algebra. For w : W xW — R™,
we may write w = (w1, ,wy), where w; : WxW — R are bilinear, anti-symmetric,

continuous maps. Similarly, for @ : W x R® — R, we have «;(-) = a.e;, where
{e;}™_; is the standard basis for R™. Thus,

n
(a1, ... a,) = Zaiai(w).
i=1

Then « and w satisfy (C2)) as long as
op ANwp+ -+ a, ANw, =0.

In the case n = 1, this is not very interesting, since &« A w = 0 implies that
w=aA g for some g € W*.

For n =2, we have v = RZ®R. Let Q: W x W — R be bilinear, antisymmetric,
and continuous, and v : W — R be linear and continuous. Then define w : WxW —
R2 by w = (2,Q) and a: W x R? — R by a3 = v and az = —, so that, for any
u,w € W and v = (v1,v2) € R,

w(w,u) = (Qw,u), Uw,u)) and @,v="y(w)(vy — ve).
Note that, for any w,u,h € W, w and « satisfy
apw(w,u) = ap(Q(w,w), Uw,u)) = v(h)(Qw,u) — Q(w,u)) =0.
Thus, for any (w,v,z), (w',v',2'), (W', 0", 2") € W @ v,
[(w,v,z), (W, v, 2")] = (0,w(w,w), v — aw)
— (0, (2w, w'), 2w, w)), 3 (w) (0] — vh) — 3(w)(vr - v2)),
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[(w” 0", 2", [(w,v,2), (W, v, 2")]] = (0,0, qprw(w,w)) =0,

and g is a step 2 Lie algebra. The group operation is given by
1
(w,v,2) - (W', v, 2") = (w+w,v+v + i(Q(w,w’), Q(w, w")),

22!+ S () (0 1) = 7w (01 )

As an example of a particular appropriate Q and 7, again let W = W (R?) and
H be as in Example Suppose ¢ is an anti-symmetric bilinear form on R3,
p:R?® — R is a linear map, and 7 is a finite measure on [0, 1]. Then we may define

1
Q@ﬂ=£wﬁ$ﬂwm®
and

7m=4pwmww

Example 3.10. Here we make a slight modification on the previous example to
construct a stratified step 3 Lie algebra. Let v = R = R3 @ R? ® R be an abelian
Lie algebra. Let © and 7 be as in the previous example. Define w : W x W — R3
by
w(w,u) = (Q(w,u), Aw,u), Aw,u))
and a: W x v — v by
o ((v1,v2,v3), (21, 22),y) = (0, (y(w)(v1 — v2), y(w)(v2 — v3)),y(w) (21 — 22))

(S0 vy is a particular element of the 6 x 6 strictly lower triangular matrices). Then
Uyl = Qi and so « satisfies (C1)), and also

ayw(w,u) = (0, (7(v)(Q(w, u) = Qw, u)),7(v)(Q(w,u) = QA(w,u))),0) =0,
so « and w satisfy trivially. The Lie bracket is given by
[(w,v,z,9), (W, v, 2", y")] = (0, w(w,w), v’ — Quwv, wr’ — o),
or, more explicitly, this may be written componentwise as

[(w,v,z,y), (W, v, 2 y)]2 = (Qw,w), Uw,w), Qw,w’)) € R3,

[(w’ v, T, y)v (wlv Ulv 1‘/, 7/)]3
= (Y(w)(v] = v3) = y(w')(v1 = va), y(w)(vh — v5) = y(w')(vz - v3)) € R?,

and

Thus,
[(w”, 0", 2", y"),[(w,v,2,y), (w0, 2", )]
= (0,0, ayrw(w, w"), Qe (v — yrv))
= (0,0,0, Qyrr Q¥ — Qurr i v))
=(0,0,0,y(w")y(w)(vy —v5) —y(w")y(w)(vi — v3)),
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and all higher order brackets are 0. So for g = (w,v,x,y) and ¢’ = (w',v',2',y’),
the group operation is given by

(g g =w+uw

1
(g . gl)2 = + 'U/ + §w(w,w/)

1
(g-9)s=z+2 + §(awv' — Q)

1 1
(9-9)a=y+y + 5(%93’ — o) + ﬁ(aiv' + Q20 — Qi (v —0)).

Clearly, this example may be further modified to make nilpotent Lie algebras of
arbitrary step.

3.2. Hilbert-Schmidt norms. In this section, we will show that the assumed
continuity of w and « makes the Lie bracket into a Hilbert-Schmidt operator on
goas. This result will be needed later in guaranteeing that our stochastic integrals
are well-defined.

Notation 3.11. Let Hi,...,H, and V be Hilbert spaces, and let {hé-}?i:Hi(H'i)

denote an orthonormal basis for each H;. If p: Hy X --- x H, — V is a multilinear
map, then the Hilbert-Schmidt norm of p is defined by

1ol = 1ol ey = 3. lolhl, ... 12 )%
J1,--5dn
In particular, for H an infinite dimensional Hilbert space with orthonormal basis
{hi}321, p: H®™ — V is Hilbert-Schmidt if
o0

IolI = llplEryengy = Do No(his, .. hy, )l < oo

Jiseesin=1
One may verify directly that these norms are independent of the chosen bases.

Proposition 3.12. For allw e W and x € v,

low I3+ @o < Nlal§llwllyy — and  llowzlfego < Callal§ll23,

where N = dim(v), Cy is as in equation (2.1)), and || - ||o is as defined in Notation
[5-3. Also,

o (w, Mg < CollwllpllwlFy-
Furthermore,

lal3 < NColallg <00 and  [|wll3 < C3|lwlf§ < oo

Proof. Let {e;}Y; be an orthonormal basis of v. Then, for any w € W,

N N
low - loege = Y laweslly < Y lalfllwliyllels = Nlalglwli-.
i=1 i=1

For fixed z € v, vz : W — v is a continuous linear map. Thus, equation ([2.2)) gives
Jowalr-on = [ lowall} duw)

< /W leliBllwlffy llls drs(w) = CallaliFll]f5-
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Similarly, for fixed w € W and w(w,-) : W — v,

lw(w, )l o = /W lw(w, )3 dpa(w”)

< /W loll§llwliy w3y du(w’) = Collwl]lwlf3y -

Since w +— aw is a continuous linear map from W to v* ® v, it follows from

equations (2.2)) and ( . ) that

ol = [ o
w

and since w — w(w, -) is a continuous linear map from W to H* ® v,

w) < /W Nlal3llwly du(w) = NCa|lal3,

loll3 = 1= @, NEr- g e 0) = /llw Wi go du(w)

< /W Collwlllwlffy du(w) = C3l|wlf5.

This proposition easily gives the following result.
Corollary 3.13. For allm > 2, [[[-,"],...],"] : g&; — v is Hilbert-Schmidt.

Proof. For m = 2, this follows from the previous proposition and the continuity
of the Lie bracket on v, since taking {h;}72, = {k;}72; U {e;}}_,, where {k;}32,

and {e; }j:1 are orthonormal bases of H and v, respectively, gives

(oo}
16203 = 16 e esyee = O Nl hid]ll
i1,d2=1
00 co N
= > ki ka)ls + DD low, exnlls
i1,02=1 i1—1j2—1
+ Z Z ||ak726J1Hn + Z e]l’ej2 Hn
12=171=1 J1,J2=1
= lwl3 +2[lall3 + N < co.
Now assume the statement is true for all m = 2, ..., ¢. Consider m = ¢+ 1. Writing

[[Riys Riy], -+ -, hap] € 0 in terms of the orthonormal basis {e; };V:I and using multiple
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applications of the Cauchy-Schwarz inequality gives

-T2 = WL T Mgz y@e+ 20
= Z ”[[[hllﬂhlz]ﬂ ,hu] l1/+1]||2

01,0041 =1

2
00

N
Z Zej’ 213-*—1 ejv [hhvhlg] "7h‘iz]>

i1, nt0p1=1 || j=

v

o N
<N Z Z 6]7 leg1 H ‘<6J7[[h%17h ] "’hie]>|2

11,0041 =1 j=1

<N Z le[ejvhiHJHg Z Z' 67> hi,, h o ’hie]>|2

ippr1=17=1 01 ,..500=1 =1
< NI Zss gy I 2 gy

where in the penultimate inequality we have used that all terms in the sums are
positive. The last line is finite by the induction hypothesis. ]

3.3. Length and distance. In this section, we define the Riemannian distance
on G¢py and show that the topology induced by this metric is equivalent to the
Hilbert topology induced by || - |lge -

For g€ G, let Ly : G — G and Ry : G — G denote left and right multiplication
by g, respectively. As G is a vector space, to each ¢ € G we can associate the
tangent space TyG to G at g, which is naturally isomorphic to G.

Notation 3.14. For f : G — R a Frechét smooth function and v,z € G and h € g,
let

f(@)h = opf(x) =

(z + th),

dt |,

and let v, € T, G denote the tangent vector satlsfying vef = f(x)v. If o(t) is any
smooth curve in G such that 0(0) = z and ¢(0) = v (for example, o(t) = = + tv),
then

Lgvg = g-o(t).

4
dt|,
Notation 3.15. Let T > 0 and C'([0, 7], Goar) denote the collection of C'-paths
g:[0,T] — Geoar. The length of g is defined as

T
torr(@)i= [ 1Ly 0es' (len ds.
The Riemannian distance between x,y € G¢ys then takes the usual form
den(z,y) == inf{lcar(g) - g € CH([0,T), Gonr) such that g(0) = z and g(T) = y}.

Note that the value of T" in the definition of dgpy is irrelevant since the length
functional is invariant under reparameterization.
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Proposition 3.16. For g,z € G and v, € T, G,
(3.5)

r—1
Lyvz =v+ Z Z

k=1 (n,m)€L}

mj;—1
> Z ad'ad]" - -ad7adjad,ad)s " radli - adhad g,
je{tl,..., k}
m; >0
where afhm are the coefficients in the group multiplication given in equation ,

Proof. The proof is a simple computation. Let x(t) = x + tv, and first note
that

d n m ngk m
T Oad ladz(]{) -ad ’”adx(’;)g
mj—1
= Z Z adg'ad;" ---ady? adiadvadg”%*ladgj‘l - -adg*ad;™g.
je{1,...,

Then using (3.4) and plugging this into

d
Lgsve = o 09 ~x(t)
_ d t — dn1 dml dnk d
=G| |9+ D anaditad - cadgtadiig
0 k=1 (n,m)€Z;,
yields the desired result. [

Ezample 3.17 (The step 3 case). When r = 3, the group operation is

gh=g-+h+ oo+ 1o lg. )+ [h, [0 g])

12
Thus,
Ly, = o Og - z(t)
=@, (g +a(t) + %[g,x(t)] 112([97 [g, (8] + [(t), [m(t),g]]))
— ot 210 0]+ 5 (19, lgrol] + o, [ 1] + [ o, ).

2 12

Lemma 3.18. There exists a continuous decreasing function € > 0 such that, for
all g € Goy and v € gow,

”Lg*l*vg HQCM > E(HQHBCM)HUHQCM .
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Proof. Let g € Goy and v € goy- By equation (3.5),

r—1 m;—1
_ k ni mi
Ly-1,vg=v+ E E Ao, E E ad;*,ady
k=1 (n,m)€I} m;>0 £=0

.- -adgiladgadvad;nj 1 -adgilad;”’“g_l

r—1
(3.6) =v+ Y Y ()" s0pah ad) MY = (1= Ag)),
k=1 (n,m)€Zy
where .
Alg) = — Z dgadf;
=1
with

4
dy = Z Z (_]—)‘nll{mk>0}aﬁ,m'

Since g is nilpotent, the operator A(g) is nilpotent. Thus, there exists M € N so
that

M
(I=Ag) ™ =) A",
k=0
and v = (I — A(g)) "' Ly-1,v4. Note that the operator norm satisfies
r—1
1A < D el C¥llgllge, < oo,
=1

where C' = C(w, @) is as defined in (3.2)). Therefore, taking

M /r-1 k
e(llgllgen) = | (Z |dZ|C€||9||§CM>

k=0 \/4=1

-1

satisfies the desired estimate. [ ]

Proposition 3.19. For allx € Gop and R > 0, there exists § = 0(x, R) such that
dem(z,y) < 6 implies that ||y — z|go, < R.

Proof. Fix z € Gy and R > 0. We will determine 6 = §(z, R) so that
ly — z|lger, = R implies doa(z,y) > 6(x, R). Let B(z,R) :== {2z € Goum : ||z —
z|gonr < R}, and consider y € G such that y ¢ B(z, R). Then, for any C'-path
g :10,1] — Geas such that g(0) = 2 and g(1) = y, there is some first time ¢g such
that ¢ exits B(x, R), and

1 to
ter(g) = / 1Ly-1(0ye8' () lgens d5 > / 1Ly-1(0y-8' (5)llgens ds

to
> c(|zllgen + R) / 19/ (5) g ds
> e(lllgon + R)g(to) — 2llgens = e(lZllgcn + R)R = 8z, R),

for € as given in Lemma Since this estimate is true for any C'-path g from z
to y ¢ B(z, R), optimizing over all such paths gives the desired result. ]
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Proposition 3.20. There exists a continuous increasing function K < oo such
that K(0) =0 and, for all x,y € Geor,
dors(@,0) < (1 K([ellgens A lollacs )y = #lacas + 0y = lacar).

as ||y — x|/ gens — 0, where the implied constants in o (||y — x||gey, ) also depend on
||mHQC’M A HyHQCM'

Proof. For notational simplicity, let 77 = 1. Let g(s) be a path in
C'([0,1], Gear). By equation (3.6), taking g = g(s) and vy(s) = ¢'(s),
r—1

g'(s)+ > diadyg'(s)
=1

1
(3.7) ter(g) = /0 ds.

gcmMm
Now suppose that z,y € Gowm, and take g(s) = 2 + s(y — ) for 0 < s < 1. Then
(13.7) gives

dem(z,y) < Lom(g)

1 r—1
/0

(y - JJ) + Z dzadf:jLs(yfw) (y - 33) ds
=1

gcmMm

1 r—1
= / (y—z)+ Z dy Z s‘”'ad;madzl,gg cadyadyt (y — o) ds.
0 /=1 ‘(n‘,ln? elzge goMm

Splitting off all terms in the sum of order two or higher and evaluating the integral,

dom(z,y) <

r—1
(y—x)+ Y dead(y — )
=1

+

r—1
1
E de E 7{\n|>01} ady"ady® , - --adjady’ (v — 2)
(=1 (n,m) € I, |n| +

Im| + [n| =¢

gcm

r—1
< 1+Z Z |df|CZ||$HgCM Hy_xHQCM +O(Hy_$HQCM)7

=1 (n,m) €I,
|m| 4+ |n| =¢

where C' = C(w, @) is as defined in (3.2)). Interchanging the roles of x and y in g(s),
and thus in this inequality, completes the proof. ]
Propositions and yield the following corollary.

Corollary 3.21. The topology on Geypy induced by dopy is equivalent to the Hilbert
topology induced by || - |lgen -

3.4. Ricci curvature. In this section, we compute the Ricci curvature of certain fi-
nite dimensional approximations of G and show that it is bounded below uniformly.
This result will be used in Section[5.1]to give LP-bounds on Radon Nikodym deriva-
tives of v;. It will also be applied in Section to prove a logarithmic Sobolev
inequality for 14. First we must define the appropriate approximations.

Let i : H — W be the inclusion map, and i* : W* — H* be its transpose. That
is, i*€ :=f o for all £ € W*. Also, let

H,:={he€ H:(,h)g € Range(:*) C H"}.
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That is, for h € H, h € H, if and only if (-,h)y € H* extends to a continuous
linear functional on W, which we will continue to denote by (-, h)y. Because
H is a dense subspace of W, i* is injective and thus has a dense range. Since
h — (-,h)g as a map from H to H* is a linear isometric isomorphism, it follows
that H, 3 h — (-,h)g € W* is a linear isomorphism also, and so H, is a dense
subspace of H.

Now suppose that P : H — H is a finite rank orthogonal projection such that
PH C H.. Let {k;}].; be an orthonormal basis for PH. Then we may extend P
to a (unique) continuous operator from W — H (still denoted by P) by letting

m

(3.8) Pw := Z(w,kj>ij

j=1
for all w € W. For later purposes, we will also define
mp(w,z) := (Pw,x).

Notation 3.22. Let Proj(WW) denote the collection of finite rank projections on
W such that PW C H, and P|g : H — H is an orthogonal projection, that is, P
has the form given in equation (3.8)). Further, let Gp := PW @ v (a subgroup of
Gewm), and we equip Gp with the left invariant Riemannian metric induced from
the restriction of the inner product on gops = H @ v to Lie(Gp) = PH o =: ggM.
Let Ric? denote the associated Ricci tensor at the identity in Gp.

Proposition 3.23. For X = (A4,a) € g5,

iex

1
P _ 2
<R1C X7X>ggM = Z”<a7 ['a ']>||(ggM)*®(ggM)* )

H2 Py )
(86m)*®0
where (g&,,)* = (PH)* ® v*.

Proof. For g any nilpotent Lie algebra with orthonormal basis T,

(39) Ric X, X) = 1 3 ady XJ? = 2 3 flady X7,
Yer Yer
for all X € g; see for example Theorem 7.30 and Corollary 7.33 of [5].
So let Ty, := {hi} 4N = {(k;, 0}, U {(O,ej)}évzl be an orthonormal basis of
g6y = PH ® v, where {k;}7, and {e;}}_, are orthonormal bases of PH and v,
respectively. Then, for Y € gg Mo

ady X = > (ady X, hi)ge, hi = Y (X, adyhi)gey hi.

h; €l h,€l'y,
Thus,
Z Ha‘d;;lXHﬁC]\{ = Z Z <X7 adhihj>301\/[ = Z <X7 [hl’ h]]>30M'
h; €T, hi €l hi €l hi,hi €l
Plugging this into (3.9) gives
. 1 1
(Ric" X, X)gr, =7 D (X[hihlge, —5 D 10 XI5,
hih; €T h; €T,
1 1
=1 X G@lhehlEo g S kX2
hi,hJ’EFm hi,€l'y,
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Corollary 3.24. Let
1 2
K = —Zsup { [ X] X lger =1}

Then K > —oco and K 1is the largest constant such that

(Ric”X, X)op > K||XH§gM, for all X € g&,,,
holds uniformly for all P € Proj(W).
Proof. The first assertion is simple, since
1 2
K > |l I8 > —oo,

by Corollary Now, for P € Proj(W) as in Notation Proposition
implies that

(RicPX,X)ggM > —%H[-,X}H%ggw@u.
Thus,
(Ric”X, X)qr 1l XIIGe
X2, T2 X,
(3.10) > s {0 XN ont X llgr, =1} = K.

Noting that the infimum of Kp over all P € Proj(W) is K completes the proof. m

Remark 3.25. Of Course, one can compute the Ricci curvature for Goyps just as
in Proposition Choose an orthonormal basis I' = {h;}5°, = {(k;,0)}2, U
{(0, ej)}j 1 of gemr = H @ v, where {k;}$°, is an orthonormal basis of H, and
{ej} ", is an orthonormal basis of v. Then, for all X = (A4,a) € gou,

oo

=3 > o lhi ) —on s, X2

ij=1

(Ric X, X)

gom

1 1
= 71a [ DIZ:  eaz, — 310 X2

> K| X[Ge-

4. BROWNIAN MOTION

Suppose that B; is a smooth curve in gops with By = 0, and consider the
differential equation

gt = gtBt = Lgt*Bt, with gg = e.

The solution g; may be written as follows (see [26]): For ¢ > 0, let A, (¢) denote
the simplex in R™ given by

{s=1(s1,"",8,) ER": 0 < 81 < 89< -+ <8, <t}

Let S,, denote the permutation group on (1,---,n), and, for each o € S, let
e(o) denote the number of “errors” in the ordering (o(1),0(2), -+ ,0(n)), that is,
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e(o)=#{j<n:0(j)>o(j+1)}. Then

(4.1) g = Z > <<_1)e(0)/n2 [Z(“;D "

n=1o0c€S,
/ [ [Basy Buva -1 Bas 1 ds.
An(t)
Forne{l,---,r}and o0 € S,,, let F7 : g?ﬁ% — b be the linear map given by
(4.2) Fg(k‘l R Rky) = [[ .- [k’a(l), /{30(2)], e L k‘g(n)].

Recall that F7 is Hilbert-Schmidt by Corollary Then we may write

r—1
(43 0= X ([ Beeohin).
Ay, (t)

n=1c€eS,

where the coefficients ¢Z are determined by (4.1)). Using this as our motivation, we
first explore stochastic integral analogues of equation (4.3)) where the smooth curve
B is replaced by Brownian motion on g.

4.1. Multiple It6 integrals. Let (-, '>9§X1 denote the inner product on g&}, aris-

ing from the inner product on goas. Also, let {k;}°, C H, be an orthonormal
basis of H, and define P,, € Proj(W) by

(4.4) Pr(w) =Y (w, ki) ki, for all w € W,

i=1
as in equation (3.8)), and define
Tm(w,x) :=7p_(w,2) = (Py(w),z) € Gp,,.

Of course, dim(Gp, ) = m + N, but in a mild abuse of notation, in this section
we will use {h;}; to denote an orthonormal basis of Gp,_, rather than the more
cumbersome {h; } N = {(k;,0)}7,U{(0,e;)} X, where {e;})¥, is an orthonormal
basis of v.

Let {B:}t>0 = {(B¢, ) }+>0 be a Brownian motion on g = W @ v with variance
determined by

E [<BS’ h>gC1W <Bt7 k)gc}\l] = <h’ k)gczw min(s7 t)’

for all s,t > 0 and h = (A,a) and k = (C,¢), such that A,C € H, and a,c € v.
Then 7,,B = (P,,[3,4°) is a Brownian motion on gf'» = P,,W @ v C g

Proposition 4.1. For £ € L?(A,(t),g8%,) a continuous mapping, let
m - ®n e
= | e A, © @B gy
-/, ) B @ @ dnB)

Then {J™(€)¢}i>0 is a continuous L?-martingale such that, for all m,

E|J7T(€)t|2 < ”gHiQ(An(t),g%X,)’
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and there exists a continuous L?-martingale {J,(€)¢}+>0 such that

(45) i [sup 7€) ~ ,(6)- | =0,

m—oo | r<y

for allt < oo. J, (&) is well-defined independent of the choice of orthonormal basis
{hi}32, in [{-4), and so will be denoted by

WO = [ e, o 0B, g,

Proof. Note first that,
o=y | (6O @08 ) B -
i1yein=1"7Bn(t

where {B‘}", are independent real valued Brownian motions. Let &, . ; =
<§, hi1 K- & hln> Then

i (5)12 < 1E(5) 26

and &, ;. € L*(A,(t)). Thus, J7(€); is defined as a (finite dimensional) vector-
valued multiple Wiener-It6 integral, see for example [20, 25].
Now note that

dJ:ln(g)t = / <§(817 <y Sn—1, t)7 dﬂ—mle K- dﬂ-’mBsn,1 X dﬂ—th>g®n
Anfl(t) CcCM

Il
3
——

<§(81, ceey Sn_l,t), d?Tmle R dﬂ'mBsn,l ® hz> ®n dBZ
A1 (t) 9cm

Thus, the quadratic variation (J*(£))+ is given by

mo 2
Z/ / (5(51,...,sn,1,7),d77mB51@...@dmesn_l®hi>g®n dr,
=1 0 An71(7') oM
and
E[J7(€)ef* = E(J;7(€))e
m t m el
:Z/ E[Z/ / <f(81,...,Sn,Q,TQ,Tl),d’]Tmle®'~~
i1=170 ia=170 An—2(72)
2
Tt ® dﬂ-mBsn72 ® hi2 ® hi1>g%‘xj d7—2:| dTl
Iterating this procedure n times gives
m 2
ElTP = Y /A ‘(f(ﬁ,“' T)shis @ - @ Ry, gan | dr - dy

015yt =1 n(t)
_ Xn 2 2
= [ IO, < 1025

and thus, for each n, J™(£); is bounded uniformly in L? independent of m.
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Now, for P € Proj(W), let J7(€); := [u, ()5 E(5),dBy, ® - @ dBy, ) gon.

For P,@Q € Proj(W), a similar argument to the above implies that

46 B IO = [ ) ey,

In particular, take P = P,, and Q = P, with £ < m, and note that

I re(s) - nEme(s) g

oo n 2
- Z T (=) © 7 ) b 0 by
1y Jj=1
(4.7)
n o] 2
< “Z Z <7T§)Lj_1 ® (Ttm — me) @y~ - lf(s)ahil ®"'®hin>g§7u
=141, in=1

n m m 4
SN0 DD DI DI ((TON Ny

‘2
G=1i1,eijo1=1 =41 i) 1,enyin=1

— 0,

as £,m — oo, for all s € A,(t), since ||§||LQ(A (1).g27 ) < 00 Thus, equation 1'
C]\/I
implies that

lim E |Jm ¢ — JE(E),

£, m—o0

F=o,

by dominated convergence, and {J(§):} -_, is Cauchy in L?. Since the space of

continuous L?-martingales is complete in the norm M +— E|M;|?, there exists a
continuous martingale {J,,(£);}+>0 such that

lim E|J7 (&) — Ju(&):> = 0.

m—0Q0
Combining this with Doob’s maximal inequality proves equation ({4.5]).
To see that J,(§): is independent of the choice of basis, suppose now that
{h’ °, C H, is another orthonormal basis for H, and let P’ : W — H, and
G — Gp; be the correspondlng orthogonal pI‘O_]eCtIOIlS Con81der the inequal-

1ty with 7 replaced by . Writing m,, — 7}, = (7, — I) + (I — 7},,), and
con51der1ng terms for each ﬁxed 4, we have

o0

>

i15eeeybn=1

<7T§>Lj_1 & (7Tm — I) ® (7T1/71>n_j_1§(8)7 hil Q- ® h2n> ¢

n
9cm

(€(s),hiy @ ---@hi; ® ﬂ—:nhij+l Q- ® ﬂ—;nhi">9%§tf

i1peensij 1:1ij:m+1i_j+17 i =1

DS Z 1\<§<s>,hil@---@hmg%

i1t 1=1i;=m+1%541,.

2
— 0,

2
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as m — oo. Similarly,

(m&I @ (I — ) @ (m,)" 77 1E(s), hiy @ -+ @ hy,,)

Qn
8cm

2

—0

(m2I @ (I —m,) @ ()" 7 71E(s), b}, @ -+~ @A)

Qn
9cm ’

as m — o0o. Thus,

I75"E(5) = (n1)>"E(5) 25 =0,

lim
m—00
' P . . .
for each s € A, (t). Thus, for J (&) := Jn™(€)+, using equation 1) with P = P,
and Q = P/, shows that

lim E|J7(€), — JI¥ ()i = 0,

m—00

again by dominated convergence. ]
A simple linearity argument extends the map J, to functions taking values in

(9ea)%" @ 0.

Corollary 4.2. Let F € L*(A,(t), (85,,)%" ® ) be a continuous map. That is,
F i An(t) x g&, — v is a map continuous in s and linear on g%’z\} such that

[ WFBds =[S FG)hy @0 by, ds < oc.
An (t) An (t) ]

150 jn=1

Then
J(E), = / F(s)(dmm By, - ® dr B, )
An(t)

is a continuous L*-martingale, and there exists a continuous v-valued L?-martingale
{Jn(F)i }e>0 such that

lim E [sup 1), — Jn(€): 12| =0,

m—00 <t

for all t < oco. The martingale J,(§): is well-defined independent of the choice of
orthonormal basis {h;}32, in (4.4), and thus will be denoted by

In(F)e = / F(s)(dBs, ® -+ ®dBs,)).
Ay (t)

Proof. Let {ej};»vzl be an orthonormal basis of v. Then for any kq,...,k, €
gom,
N
F(s) (ki@ @ky) =Y (F(s)(k1 @ @ kn),ej)e;.
j=1
Since (F(s)(-),e;) is linear on g&4,, for each s there exists &;(s) € g&7, such that
(4.8) (€5 (s) k1 @ @ kn) = (F(s) (k1 © - ® kn), €j).

If & : Ay (t) — g, is defined by equation (4.8), then

Iellieaoagn < |, IFIds <o

n
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Thus,
N N

f_Z/ 5),dBy, ® -+ @dBy, )e; = Ju()rej,

n(t) j=1

is well-defined, and, for each j, J,(§;) is a martingale as defined in Pr0p0s1tion
]

4.2. Brownian motion and finite dimensional approximations. Again let B
denote Brownian motion on g. By equation (4.1, the solution to the Stratonovich
stochastic differential equation

0g; = Lg,+0B;, with go = e,
should be given by
(4.9) / B, aéBsg ]v"']a(sBSan ]v
At o (1) (2 (n)

n= 1068

for coefficients ¢Z determined by equation (4.1)).
To understand the integrals in (4.9), consider the following heuristic computa-
tion. Let {M,,(¢)}+>0 denote the process in g®" defined by

M, (t) ::/ 0B, ® --- Q@ 0B, .
An(t)

By repeatedly applying the definition of the Stratonovich integral, the iterated
Stratonovich integral M, (t) may be realized as a linear combination of iterated It6

integrals:
1 n
Mn (t) = Z on—m Z It (OZ)

m=[n/2] aeJgm

jrtn = {(al,...,am) S {1)2}m : Zai = n} ,
i=1
and, for o € J", I'(«v) is the iterated It6 integral

IMa) = / o dX! @ ®@dX]"

where

with
i dBs ifo; =1

dXS{Z;.ilhj(@hde 1f0[2:2 ’
compare with Proposition 1 of [4]. This change from multiple Stratonovich integrals
to multiple It6 integrals may also be recognized as a specific case of the Hu-Meyer
formulas [17, [1§], but we will compute more explicitly to verify that our integrals
are well-defined.

As in equation (4.2)), letting

F’rCLr(kl Q- ® kn) = [[ o [ka(l)v ka(?)]a e }7 ka(n)]a

we may write

S Y e i L S
=[n/

n=1c€eS, n=1c€eS, aeJgm

ﬂ
|
_
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presuming we can make sense of the integrals FJ7 (I} (c)).
For each a, let p, = #{i : a; = 1} and g, = #{i : a; = 2} (so that p, + g =m
when o € J7), and let

Jo= U
m=[n/2]
Then, for each o € §,, and a € 7,

F@) = [ h(e0E B, o s d,,),
Apg (1)
where F9* and f, are as follows.
The map FJ® : g®P> — g is defined by

(410) FO%k1 ® - @ kp,)

= Y Fl (ki@ ®@ky, @hj, @hj, @ @h;, @hj, ),

for {h;}52, an orthonormal basis of goas and 0’ = o’(a) € S,, given by ¢’ = go7™ !,

for any 7 € S, such that

T(dX), ®-- @dX]")
= Y dB,®---®dB,, ®hj, @hj, @---@hj, @hj, dsi--dsg,.
J1s sdge =1
To define f,, first consider the polynomial of order ¢, in the variables s; with ¢
such that a; = 1 and in the variable ¢, given by evaluating the integral

(4.11) fo((sir oy =1),¢) :/ H ds;,

Ala 1) jia;=2
where Ay (t) = {si—1 < s; < 8i41 1 o = 2} with sp = 0 and s, 41 = t. Then f,
is f!, with the variables reindexed by the bijection {i: a; = 1} — {1,...,ps} that
maintains the natural ordering of these sets. (For example, for a = (1,2,1,2) € J&,

f(;(Sl,Sg,t)Z/ d52d84:(t—53)(83—81),
{s1<82<53,83<sa<t}
so that fo(s1,s2,t) = (t — s2)(s2 — s1).)

This explicit realization of f, is not critical to the sequel. It is really only
necessary to know that f, is a polynomial of order g, in s = (s1,...,5sp,) and ¢,
and thus may be written as

fa(37 t) = Z bgtafa,a(3)7
a=0

for some coefficients b € R and polynomials fa,a of degree g, — a in s. Now, if
E2 is Hilbert-Schmidt on gihs, then

/Apa (t)

2

< 00,
2

Jaa(s)E70 e

2
ds=‘
2

faa

L2(Apa (1) ‘
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and

da
(4.12) F7(IP (@) = Y bt Tn(faa %)
a=0

may be understood in the sense of the limit integrals in Corollary 4.2} (In particular,
if a,, = 1, then f, = fa(s) does not depend on t, and Corollary implies that
F7(I'(a)) is a b-valued L?-martingale.)

The above computations show that, if for all n ﬁ'f[ *“ is Hilbert-Schmidt for all
o €S, and a € J,, then we may rewrite as

r—1 n o o
C ~ ~
M VLD ) WIS ON
n=10€S, m=[n/2] aeJm a=0

where J,, is as defined in Corollary The next two results show that F7® is
Hilbert-Schmidt as desired, and thus g; in (4.9)) is well-defined.

Lemma 4.3. Letn € {2,...,r}, 0 €S,, and o € J,. For any v € v, <nga,v> 18

a Hilbert-Schmidt operator on g?’]’\j,

Prgof. First consider the case n = 2. In this case, po = 0 or po = 2. If p, =0,
then F;’a = Z;)il an(hz ® hz) =0. If p, = 2, then F;’a(kl ® k‘Q) = Fg(k‘l ® k’g) =
[ko(1), ko(2))] is Hilbert-Schmidt by Corollary 3.13}7 and thus (FY"* v) is Hilbert-
Schmidt. For n =3, p, =1 or p, = 3. If p, = 3, then = (1,1,1) and

EFJ% (k1 @ ko @ k) = F§ (k1 @ k2 @ k3) = [[ko(1)s ko 2))s ko)

is Hilbert-Schmidt, again by Corollary If po =1, then a = (1,2) or a = (2,1)
and

E9(k) =Y F§ (k@ h; @ hy),
i=1
and we need only consider the case that
F{ (k@ h® h) = [[h, k], h).
So let {k;}3°; be an orthonormal basis of gcas and {e;}Y_; be an orthonormal basis
of v. As in the proof of Corollary expanding terms in an orthonormal basis of
v and applying the Cauchy-Schwarz inequality gives

2 2
IKES = o)l =D (D (Ml kil bl | =D 1> 0> (lees byl vd{ee, [hy, ki)
i=1 |j=1 i=1 |j=1¢=1

oo N oo 2
SNZZ Z<[efahj}7v><ef;[hjaki]>

i=1 ¢=1 |j=1

oo N 9] o0
<N Y (Z|<[ee,hﬂ7v>l2 > lees [y ki P

i=1¢=1 \j=1 j=1

oo N oo N

SN Klew L o) ) | D0 D lews [y, B P
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e

Now assume <Fg’_1,u> is Hilbert-Schmidt for all ¢ € S,,_1 and « € J,_1, and

consider <Fg>“,v> for some 0 € §,, and a € J*. Let a = p, and b = ¢,, and note
that either ¢ > 1 and

FO%ky @ - @ ky)

" ® kaq ®h]1®hh® ®hjb®hjb)

(k1@ @ki1 kg1 @+ @ka @by, ®--- @ hy,), ka

Ji,--

(4.13) =[F7

SIb=
SIb=
5(k1® kg1 @kay1 @ @ ka), kal,

for some d € {1,...,a}, 0,7 € S,,_1, and B € J™ ! such that ps = p, — 1 and
43 = Gu, or b>1 and

E7o (k@ © k)
= Z [ngl(kl(g)”.@ka@hjl®...®hjd—l®hjd®h’jd+l®.‘.®hjb)7hjd]
J1sejp=1

(4.14)

Z FTﬁ kl .®ka®h‘jd)7hjd}7

for some d € {1,...,b}, o’,7 € S,_1 and § € J ", such that pg = p, + 1 and
g3 = go — 1. In the first case, working as above for n = 3,

o0 oo

lEeol= X | & B kae ek oo oh,))

15eetq=1 [J1,...,50=1

2
e} N 0o
SN YT DD AR (ke @@ hy,) en){[ee, iy, v)
i15.0tq=1£4=1 |j1,....7p=1
2
[’} N 0o
=N > Y ek | D (B (ki @ @hy,),er)
i1yeyia=1 =1 J1seJp=1

< NIl ||QZH 720

i
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which is finite by the induction hypothesis. Similarly, in the second case

2
2 o'} o0

[z = > | D E s @ @ Ry, R 0)

i1,e0ta=1 [J1,..,Jp=1

SN D X (R @@ hy,) e (en by v)

0o N oo
SIS > (F 3 (kiy - @ hy,), )

=14=1ja=1|j1, s Jd—1,Jd+1s---sJb=1

X Z |<[e¢vhjd]’v>|2

(=1j

<NZH e, TP 118

Proposition 4.4. Letn € {2,...,r}, 0 €S, and a € J,,. Then F3* : g&hs — v
is Hilbert-Schmidt.

Proof. This proof is analogous to that of Lemma For F;{ '@ as in equation

(4.14)), we have

oo o0

”Fg,ang = Z Z [ gfl(kil ®"'®hjb>7hjd]

i1,e58a=1 [[J1,---,06=1

2

2
o0

e’} N
<N Z Z Z <ng1(ki1 ®"'®hjb),€[>[€[,hjd]

01,0000 =1 £=1 [|j1,...,5p=1

0o N oo
X Z ZZ Z <ngl(ki1®'“®hjh)aef>

i1, ,0a=1€=1 ja=1 |j1,.-.Jd—1,Jd+1,--,Jp=1

< NI, H%ZH e

which is finite by Corollary [3.13 and Lemma [£.3] In a similar way, one may show
in the second case that the same estimate holds for F7** as in equation || [ ]

Remark 4.5. The proofs of the previous propositions rely strongly on v being finite
dimensional. Thus, if we wished to extend the results of this paper to v an infinite
dimensional Lie algebra, another proof would be required here, or more likely, some
trace class requirements on the Lie bracket of g.
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Proposition [.4] allows us to make the following definition.

Definition 4.6. A Brownian motion on G is the continuous G-valued process
defined by

gt = ZZ Z = Z/ fals,)ES%(dB,, @ --- @ dB,, ),

n=10€S, m=[n/2] acegm Ap, (1)

ool

EF9 is as defined in equation (4.10)), and f, is as defined below equation (4.11)).
For t > 0, let v, = Law(g¢) be the heat kernel measure at time t, a probability

measure on G.

where

Ezample 4.7 (The step 3 case). Suppose that g is nilpotent of step 3. Then

3
g =Y > F(My(t)

n=10€S,

ZZ > S 3 FIIe)

n=10€S, m=[n/2] aeJm

3
ZZ Z o Z/ fuls,)ET°(dBy, ® -+ @ dBy, ).

n=10€S, m=[n/2] aegm / Ara(t)

For n = 1, there is the single term given by

t
M (1) :/ 5B, = B,
0
For n =2, 75 = {(1,1),(2)}, and so

Ma(t) = IZ((1,1)) + 5 12((2)

1 t
:/ stl®dB82+f/ hi © h; dss
As(t) 2o

1 0
= dB,, ®dBs, + =t » h; ® h;.
\/A2(t) 1 2 2 Z

(Again, we use slightly heuristic computations to determine the correct form for
the Brownian motion, but the integrals in the end are Well—deﬁned ) There are of
course just two permutations: ¢ = (12) with e(0) = 0 and ¢§ = 1, and 7 = (21)
with e(7) =1 and ¢f = f%, and, by the antisymmetry of the Lie bracket,

1
Z S FS (My(t)) = Z[stl,dBSZ] — [dBSQ,dB J= [dBSUdBSQ].
gES,
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For n = 3, the permutations are (123) with e = 0, (213), (132), (312), (231) with
e =1, and (321) with e = 2. Thus,

3 APk k) = gl bl kol = gl bl = i bl
— sl bl o] = sl Kol k] + g [, )
(4.15) = 6[[k1;k2]7k3] + 6[[k3,k2,],k1]-

Also, 73 ={(1,1,1),(1,2),(2,1)}, and so

My(t) = T(1,1,1) + 3131, 2) + S 1(2,1)

1 oo
- / dB,, ® dB,, ® dBy, + - / > dB,, @ h; @ hidss
Az(t) 2 Jas() i=1
1 [t &
+ §/ 253hi®hi®dBS3
= / dB,, ® dB,, ® dBy, + - / Z(t — 51)dBy, ® h; @ hy
=1

Note that fe12y(s,t) = t — 51 and f21y(s,t) = s3. Plugging this into equation
(4.15) gives, for the a = (1,1,1) € J3 term,

> EFIF(1L,1L,1) = cg/ FY(dB,, ® dBs, ® dBy,)
o€S3 o€E€S3 S(t)

1

=5 [ (4B, B By + (4B, dB..) 4B,
As(t)

For a = (1,2) € J2,

S GR0,2) = g [t

oeSs

and

U2 (k) =" Fg (k@ hi @ hy)
i=1

with ¢/ = 0. For a = (2,1) € JZ,

> GFS(1((2,1)) /ng [dBs,, hi], hi),

gES3

and note that, in this case,

EPED (k) =S B (k@ hi @ hy) = > F{ (hi @ hy 9 k),

i=1 i=1
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and so ¢/ = 00 (231) (or ¢/ = ¢ 0(321)). Combining the above, Brownian motion
on G may be written as

1
gt = Bt + 5/ [stl,dB52]
Ao (t)

S
12 As(t)

+2142;/0 ((t = s)[[dBs, i), hi] + s[[dBs, hi], hi))

([[dBs,,dBs,],dBs,] + [[dBs;, dBy,], dBy, ])

1 [t 1
—B+ 1 / BardB + = / ([Buy,dBy,),dB.,] + [[dB.,.dB.,], B,])
2 0 12 As(t)

1 oo
+ ﬂ ;t[[Bta hi]ah’i]'

Remark 4.8. In principle, the Brownian motion on G has generator
o0
A=) h
i=1

where {h;}52, is an orthonormal basis of goar = H @ v and h is the unique left
invariant vector field on G such that i(e) = h, and A is well-defined independent
of the choice of orthonormal basis. Then the heat kernel measure {v;}:~o has the
standard characterization as the unique family of probability measures such that
vi(f) :== [ f dv is continuously differentiable in ¢ for all f € C3(G) and satisfies

Suf) = gu(Af) with Tmu(f) = (o)

However, this realization of v4 is not necessary for our results.

Proposition 4.9 (Finite dimensional approximations). For P € Proj(W), let gf’
be the continuous process on Gp defined by

a=y 0 > 25%,,, > /A (t)fa(s,t)ﬁg»a(desl®...®deSM),

n=10€S, m=[n/2] agJgm

for m(w,z) = (Pw,x). Then gf is Brownian motion on Gp. In particular, let
gt = g, for projections {P}2, C Proj(W) as in equation . Then, for all
p € [l,00) and t < 0,

(4.16) lim E [sup Hgf — gTHp} =0.
£—o0 <t g
Proof. First note that gf" solves the Stratonovich equation dg;" = L,»,0PB;

with g&’ = e, see [4, 8, [3]. Thus, g/ is a G p-valued Brownian motion.
Now, if 5; a Brownian motion on W, then, for all p € [1, c0),

lim E |:Sup HPZBT - 6T||€V:| = 0;
L—o00 <t
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see, for example, Proposition 4.6 of [I0]. Thus,

hm E {5up |l7e By — THI,S} =0.

L—o0
By equation (4.12)) and its preceding discussion,
r n o o
c SN
=20 D st 2 D tat"Ti(faFT
n=10€8, m=[n/2] aedr a=0
and thus, to verify (4.16]), it suffices to show that, for all p € [1, 00),

P
|-
b

foralln € {2,...,7r}, 0 € S, and « € J,. By Proposition 9 is Hilbert-
Schmidt, and recall that f, is a deterministic polynomial function in s. Thus
JE(fo 7)) and J,(foF9) are v-valued martingales as defined in Corollary
So, by Doob’s maximal inequality, it suffices to show that

faFaa)t_ fa H

Corollary . gives the limit for p = 2. For p > 2, since each J( foF, %) and
In( faF 7%) has chaos expansion terminating at degree n, a theorem of Nelson (see
Lemma 2 of [23] and pp. 216-217 of [22]) implies that, for each j € N, there exists

¢j < oo such that
2§ 2\ 7
v v

5. HEAT KERNEL MEASURE

Jﬁ(faﬁ‘ga)'r - Jn(faﬁg7a)'r

hm E [sup

£—00 <t

n(.faﬁ‘rg,a)t - Jn(faﬁg7a)t

We collect here some properties of the heat kernel measure on G. The following
two propositions are completely analogous to Corollary 4.9 of [I0] and Proposition
4.6 in [12]. The proofs are included here for the convenience of the reader.

Proposition 5.1. For anyt > 0, the heat kernel measure vy is invariant under the
inversion map g +— g~ ' for any g € G.

Proof. The heat kernel measures v/" = Law(g}*) on the finite dimensional

groups G p, are invariant under inversion (see, for example, [I3]). Suppose that f :
G — R is a bounded continuous function. By passing to a subsequence if necessary,
we may assume that the sequence of Gp, -valued random variables {¢g7"}52; in
Proposition [4.9| converges almost surely to g;. Thus, by dominated convergence,

E([f(g:")] = lim E[f((9)7")] = lim E[f (gi")] =E[f (9:)]-
Since 14 is the law of g;, this completes the proof. [
Proposition 5.2. For allt >0, v,(Gon) = 0.

Proof. Let iy denote Wiener measure on W with variance t. Then for a bounded
measurable function f on G =W @ v such that f(w,z) = f(w),

/G F(w) dvg(w, ) = ELf ()] / F(w) dpg(uw
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Let w: W x v — W be the projection 7(w,z) = w. Then w1y = u, and thus
vi(Gom) = 1y (Wﬁl(H)) =m.(H) = w(H)=0.

]

This proposition gives some justification to our calling Gy the Cameron-Martin

subgroup of GG. In the next section, we further justify this by showing that a
Cameron-Martin type quasi-invariance theorem holds for v;.

5.1. Quasi-invariance and Radon-Nikodym derivative estimates. The fol-
lowing theorem states that the heat kernel measure v; = Law(g;) is quasi-invariant
under left and right translation by elements of Gopy and gives estimates for the
Radon-Nikodym derivatives of the translated measures.

Theorem 5.3. For allh € Goy and t > 0, v 0 L,:l and v o R;l are absolutely
continuous with respect to vy. Let

dvio L) d(vio R;Y)
_ d Zp = ——" =
dl/t a h dl/t
be the Radon-Nikodym derivatives, K be lower bound on the Ricci curvature of G

as in Corollary[3.24, and

oft) == — for allt € R,

Zl =

with the convention that c(0) = 1. Then, Z!,Z% € LP(v;) for all p € [1,00), and
both satisfy the estimate

Kt)(p—1)

* c(Kt
12ilzr 0 < oo (L e,

where x =1 or x =r.

Proof. Asin [I0], the proof of this theorem is an application of Theorem 7.3 and
Corollary 7.4 in [11I] on the quasi-invariance of heat kernel measures for inductive
limits of finite dimensional Lie groups. In applying these results, the reader should
take Gy = Gon, A = Proj(W), sp = mp, vp = Law(gl), and v = v, = Law(g;).
We now verify that the hypotheses of Theorem 7.3 of [11] are satisfied.

By Corollary the inductive limit group Upeprojiw)Gp is a dense subgroup
of Ggoys. By Proposition for any {P,}52, C Proj(W) with P,|g T Iy and
f G — R a bounded continuous function,

(51) / det = lim (foipn)thP",
G n— oo Gp,

where ip, is the inclusion map, and thus the heat kernel measure is consistent on
the finite dimensional projections. Corollary says that K > —oco and Ric? >
KgP, for all P € Proj(W), and thus the Ricci curvature is uniformly bounded on
these projections. Lastly, the length of a path in the inductive limit group can be
approximated by the lengths of paths in the finite dimensional projections. That
is, for any Py € Proj(W) and ¢ € C*([0,1], Gear) with ¢(0) = e, there exists an
increasing sequence {P,}52; C Proj(W) such that Py C P, Py|g 1 Iy, and

lom(p) = lim Lg,, (m 0 @).
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To see this, let p(t) = (A(t),a(t)) be a path in Geay, and recall that, by equation

B2,

1 r—1
Loy, (Thop) = / o' (8) + dedTr ()T (8 '(s) ds
0 gcmMm
1 r—1 2
- / 1P A% + [ar(s) + 3 dead?, o m(s)]| ds
=1 o

Applying dominated convergence to this equation shows that holds for any
such choice of P,|g T Iy such that Py C P,. [

We also get the usual strong converse to quasi-invariance of v; under translations
by elements in Goay.

Proposition 5.4. For h € G\ Gopy and t > 0, (v o L;l) and v; are singular and
(v o R;l) and vy are singular.

Proof. Again, let p; denote Wiener measure on W with variance t. Let h =
(A,a) € G\ Gom with A € W\ H and a € v. Given a measurable subset U C W,

l/t(UXU) :P(,Bt S U) :Ht(U)

If Ae W\ H, us(- — A) and p; are singular; for example, see Corollary 2.5.3 of
[6]. Thus, there are disjoint subsets Wy and Wy of W such that p,(Wp) = 1 =
ue (W1 — A). Note that

L' (U xv) =R U xv)=(U—-A) xv

Thus, for G; := W; x v for ¢ = 0,1, G is the disjoint union of Gy and G;, and
v (Go) = e (Wo) = 1 while

Vi (Rlzl(Gl)) = Ut (L;l(Gl)) = Vt((Wl - A) X U) = /J/t(Wl - A) =1.

]
Proposition 5.5. For all h € Geyy and t >0, Z7(g9) = Z) . (g7).
Proof. By Proposition [5.1] v; is invariant under inversions. Thus
_ _ -1
/fg h) dvi(g /f ! tht() /f((hl'g) )dl/t(g)
= [ 1) @ anto) = [ £6)Z)-1 (67) dilo).
]

5.2. Logarithmic Sobolev inequality.

Definition 5.6. A function f : G — R is said to be a (smooth) cylinder function
if f = F onwp for some P € Proj(W) and some (smooth) function F' : Gp — R.
Also, f is a cylinder polynomial if f = F omp for F' a polynomial function on Gp.

Theorem 5.7. Given a cylinder polynomial f on G, let Vf : G — gon be the
gradient of f, the unique element of gonr such that

<Vf( ) >QCM = }le(g) = f/(g)(Lg*he)a
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for all h € goar. Then for K as in Corollary[3.27),

/(f21nf )dv; — </ f%zut) ln(/ f2dut> <ol _Kt/ IV FI2,.,, dv

Proof. Following the method of Bakry and Ledoux applied to Gp (see Theorem
2.9 of [I4] for the case needed here) shows that

B ((2107%) (o)) ~B [ (6F) ) mE (12 (67)) < 2"~ B[V 1) (6F) 2,

for Kp as in equation (3.10]). Since the function z — (1 —e~%)/z is decreasing and
K < Kp for all P € Proj(W), this estimate also holds with Kp replaced with K.
Now applying Proposition to pass to the limit as P T I gives the desired result.

|

Remark 5.8. It is desirable to state Theorem for a larger class of functions
in L?(v;). To do this, one must prove that the gradient operator V : L?(v;) —
L?(vy)®gcar is closable. Unfortunately, T heoremdoesn’t give good information
on the dependence of the Radon-Nikodym derivatives Z fb and Zj on h, and so at this
point we can’t prove the necessary integration by parts formulae to show closability.
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